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seasopal indices. . [SArgar raws U, m.ice arigg

2'7. Auto-regression Series. The value 11[ a series at_any tims ‘f’
may depend upon its own value. ar._tlmcs t—1, t—2, ..., t—k (say) _the
Tel

ationship being linear. A series rn;:re:-:ntﬂd by ths re;urce nce
‘relation L
ALl

2f {Ul'lr Ul—ﬂ'r wway Ul-l)+il P, 4 ...[2-43]
=ﬂ'1U¢—1+ﬂgUp—*a+ cAagU— 45,
where fis,a linear function and ¢; is the “d,ut_urbance" function such that

a’s ar:?fientlca"_y and mdqp_ndentl;.r distriputed (i.i.d.) random vari variables,
i~N(U, o"), is known as “auto-régressive™ series of order k.

._-—
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254

: s . onditiong i a. ..., @y the genera-
rﬂE“““ L can b to be satisfied by g "i'—ﬁr‘ﬁ%ﬁfﬁ?i:

€ shown t n oscillat
In the follow; O represent a :
yt loss of Eﬂnera‘:ri'ﬂ,g} fﬁq”“‘ﬁﬂﬁ we shall assume (which we can d‘;‘ﬂ TI:EE
E‘{Ui}ﬁ“- At u,'s are measured from their means

“T1.
'\.ﬂ ? First Order Auto-regression (Markoff's Series)

Uiy =
where €S are iid. N{f;::tlﬂu ctbte, lal<| o’

ince £V = 0= Ee b i :ons of both sides, we get
p=0. T_E_mst 3ﬁl‘5't'urd:ra king expectalio les, we BEl

: i ion reduces
et uto-regression equatio uces Lo, (249)
20y . Ugy=alyte .y e 4
_Tlﬁ%ﬁleﬁﬂfﬂﬂﬂimuuu order 1. Its complementary
function (C.F.) 15 the solution of
Ui+1=_ﬂy__h_ M

Mﬂwdﬂw&‘minn of order 1. If U=A" is the
frial solution, then

AMYloght = A=ag, —
jgnoring the trivial solution 2=0. _
' C.F.is Ui=0a" ...(2:50)

— =e.+1, E being the difference operator given
by EU,=U+1. the interval of differencing being unity. T&:_rcﬂ::-r: particu-

lar integral (P.L) is given by 1
UI= By = —I—( I_—EE—J Bl -—

L]

1
E—a E
:=-£E-( H‘—: +%+--*)E:+1
n::-!-ﬂﬂi_l“['ﬂ?‘!w:"'".u

52 ale-1 = al7e - 4 --:(2°50a)

=1
52 at €mg= z at- gy, (if we assume that e;=0,.1 <0)
f:-:

j=1 ol
Thus the gmcral solution of (2°49) is

U.I ﬁE-F! +P' L

ey i 2 & o ...(2°50b)

=1
! erics is_Very large or has been made so by

5 I h int =)
{ and the rfed someumes prior to the point 1=0,
E'-Euu:.lzf | a ;‘-'. g Emﬁgu aﬂmwe solution”becomes

=

then we have |41 —
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| -

f, s -1 g
B z g * l:‘.‘.'!n;l

j.-'l
which is a moving average of random elements with weighys,

AU R R |
I| i1, ﬂﬂ.l"""" a o
272, Second Order Auto-regressive Series.  (Yule's Serles)
Uise f-aly HoUi=tn - (2509
This is a sccond order linear difference equation. Its C.F. i3 qhe
W r &
solution © Uysyt-aUy1-bU=0
The trial solution U= gives ."
A!'!"Elj'q'b_'__ﬁ -
—a++/g—Aan 2 _-"_VJ"T_.'”’
= A= —2 ' L 2 : .

;. CF.is Ug='n"l1l'1|1r'1‘-'¢l Ay

where A, and Aq are arbitrary consiants.

In order that (2°51) represents An oscillatory series we must have
2 —4p< 0, since in that case A, and A, are complex and U, can be express-
ed as a sine and cosine function of ‘t'. Hence we assume that a*=4b<0

and then :
Al=~—~%+—2—y’ 4p—a* = p(cos 047 sin 0)

1 pl=b = p=vVb
l .

a

ﬂ—spms B

where — 3 = and cos D=—1?-E.

—

I
} ——
ifﬂ:&"ﬂz = p SI0 il || s'nﬂE_‘ﬂ—-_dt:'J 1___51_.
J ; 2p ab
and Ay=p(cos 0—i sin 0)
Then the C F. becomes T -
U,=A,p' (cos 0+i sin 0)+ Asp* (cos D120 =
l=,iﬂ"‘-'.'-"! cos 104 B sin 10) (using De-Moivres theorem)
where A=A, + Ay, B=i (A;—Ay).
ge values, it is necessary 10 assume Lhat
[/, can be infinite.

L

Since ‘t’ can take very lar

| p | =+/b<], since otherwise
p.I. of (2'51). We have
(E*+aE+b) U =¢ri2

Thus P.1. of (2°51) is given by

! LTF S i

e —

U= —.__.°
T (EaE+D)
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giwe S 2:56
P P =p (cos 041 sin D) =M
(E—o) (EZfy e E___-’; (cos 0—i sin ﬂ]=11}
1
i =1 0 O R 3t
. ( E) ( e E“) ]”’*‘
c (g e e () )
g P
E:
=| &=B  a'—p* |, a¥—p I :
I:ﬂ'--—p o =B ET a—p ET+ I
2 al—
o —B _ p' 2isin j0 2 —
Now =B P Asm b = v ap—gr P'Sin jO=E&s, (say).
: U, e ﬂf i Et-n
J=0

Hence the complete solution of (2'51) is
Ug=p* (A cos 10+ B sin 16)+ Fﬂ Ef. €141 ..(2'52)

If the series is very large or it has started up sometimes prior to the
soint #=0, then p'—0 (since | p| <1) and (4 qnarﬂ—[—.ﬂ' sin [0) being
sounded functions for all 7 and 8, the effective solution of (2°51) reduces

Lo
U=12 E t-131, ...(2°524)
Jj=0
vhich is a moving average of random elements with damped harmonic

! i 2 infini . H d th
weights £,= 2p* sin 18] /4b—a* and infinite extent ence under e

:onditions )
a*—4ab<0 and 16 <1, ...(2°53)

he second order auto-regression (2'51) represents an oscillatory scheme.
: nd o

2'7-3. General Autnfﬁ:grmiﬂﬂr

s given by ++..:.+mU;+n-f+-"--r+“kui=E-'+k ~(2'54) T
U’}*“‘?'*"'}j}fﬁf 3.:& gives the C.F. of (2'54) as -
he t_nai 50 AN Ay Ayt oo vre o Al B ...[2°55)
i E{;#ar; ;rhilrﬂr.‘a' constant and A,'s are the roots of the
ere 4, Aq, cuey 2E
:qumjm-," = : 1t+ﬂ1hi¢—1+pﬂl el T 4+ a,.=0

- cesents an oscillatory series without increas-
= In order that [2*-"4:;:_"5}3 a's should bereal and | A; | must be less
E indefinjtely, nonc
than unity, 5
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- Funﬂ:lmrnllh of Applieg Efnlhiﬁu

Particular solution of (2°54) involves terms Containing ¢

Fﬂﬂil‘ulﬂr solution of the redpeed nql.lﬂ.![l.‘il'i such tlil].t Ir Beig a
& . sa=0
o, 51+ HIEH'_':l

q-:!"l"aﬁ:'l'l'”ﬁi:‘—'u !. l']

El.—|‘|''1'1‘1*"-..!.—':"|"ﬂ'=5l-:l+ cor P l— By ]

then it can be verified on substitution that a particular splyr; .
is given by lan of (2 54)
U= % E
I'—I|I!----iD q'] tf—“"i "_{1.,55”}
We can always find £, since (*) amounts to impos; o
on the ‘&’ arbitrary constants A,, A, ..., A, POsing & conditions

Hence complete solution of (2°54) is

U= Ay M Ao M b A N S B e, -(2'56)
J=0

It (a]l <l wi=12.k% and the series is assumed to have
started sometime prior to the point =0, then the effective solution
becomes

@
U, =I-Eﬂ Es Ei-tp1y «-(2°56a)
which is a moving average of infinite extent,

The principle of least squares can be used to determne the cons
1201s @y, 8s, ..., 4, of (2'54). Thus the normal equations for estimating
a,'s (for a long time series) are

—ri=ay -1+ Oy Fieg+ ..., +ayrg (i=1,2, ..., k) -.(2°57)
where r, is auto-correlation coefficient of order & (c.f, § 2°8), since r-i=ni
and e; and U, are uncorrelated.

_Alternately (2'57) can be obtained (for a long time series), on
multiplying both sides of (2'54) by U4, taking expeclation and then
dividing by Var (U,).

. 28. Auto correlation and Correlogram. |Suppose from the original -
series U (r=1,"Z, ... 1) we obtain (n—k) p rvations (Uy, Upsn),
I=T1,2, ... (n—Kk) wiih a long-period %. The ordinary product_maoment
%m_lﬂ—hﬁﬂﬂwitﬂ_ﬂri@_ﬂiﬂ- =1, 2, ..., \n—K) 13
called the aute correlation or serial correlation (ry) of order k. Thus
EU. i) S
re= ek . 2 i= -k 1258

[Var (Uy) Var (i)t =l &y wa Lbf (295)
Obviously, we have '
=1 and r,=r

The diagram obiained b lotling r, against &k is known as correlo-
Tam. Lorrelogram i1s an imporiant Tool wWhich provides an oBjeciive
criterion for exploring the nature of (he internal structure of the time
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TEze Series 38
scliEi- The Estillmm movements of an observed. time seres may be
antributed 10 any cne of the following schemes :

(i) The moving average of randem elements.

o " . - rnnnnjﬂ
(ii) The series represented by a linear combination ol ha
elements.

(iif) An auto-regressive serjes.

y e o eacicular €ase a8
Correlegram analysis enables us to decide in any particuls
to the cause of oscillation,

11 w
281. Correlogram of Movin
of extent m, wilth Werghizs 1o or .. O

2, ...)s the generated series 1s pive

E Vimapi a4 ., dav sivprr b oo T 0nSim
Uisp==5et, +Gati . taat voe F0n-g Sigmt voe T Onbidkem

where £/'s are i.i.d. (0, %), Thus
E(U)=0=E{Uin)

=

For a_movin
components

AVETuge

e e

and Var [U."an{Uﬁ]=(a‘t+a=:+__‘+a_:]ul‘mgi_11 al v i=12, . g -
jm
m—k k » i
._E-,U.qu,l_:- (gqars, +a.0tig= +aﬂ¢:u.]n=.=ﬁuj:l a; dje, KM :
r 5 _E{L"" U.*'t]. -
s +/Var (Uh) var(Ui.o)
m;k \1 o
—r -ﬂ,ﬂj,‘.t
= j=l il & .
:m , ifAk<m | L J 259
.3 ﬂf 1
j=1 " |
aﬂd rl'sﬂ'l i[‘k?'m J

— ; the points (0, 1) and
Thus the_corrlograni will oscillate_beiween the _p voints (0, 1) a
_‘____t__ﬂ__ ; 5

(m, 0 ~.axis when kZ2m, as shown in the

fignre below

hil

1

Scanned with CamScanner



N Fninnnulu o Applieq Staily
f Yiew

o particular it a= | | (11,3, iy m) then

(m—L), - 1 ]
Py 1 e o mor k<m I 4
. t €.(2594)
m* | |
=0, ifk>m, ‘ |
5
i
e ine i I
# ) 1
Thus fora s:d:n..g:n:mt:d.hy.nn.ﬂl_-r_.'-;ﬁ.l,l_t_s_implg__ maving average of |
Epgpmp ;mFIP?;mii'i%Lf'?ﬂﬂgmm consists of a_straight line joining
£ painds (m, 0) and (0, 1) 1ogether “with k-axis T the | Y
gawarar 404 O, ) together 15 _lrom the fhint(or-m
- 2812 Correlogram of Harmonic Enrles.EFur simplicity, 1
consider the harmonic Senies T ol R

Ur=A sin Or4¢,

here A is the amplitude of the sine term of period of oscillati =
i.“-‘_ ¢, 15 the random component independent of A zin 0r, nﬂﬂhzﬁ;g
ii.d N0, %), Thus Tor 50, we haW]::

Cov (U,, Uul}='£[Ur Unie) 3 —

s E{U|}=‘ﬂ]
= EI(4 sin Or-+e,)(A sin 0 11K +2,,,)]

= A"E[sin 01, sin 0 (74 k), ~ |
since ¢, is unfurm_lzﬁd_wilh_& sin 0y, :

——— e -

L
2 Cov Uy Usn)m At r" X sin 9, sin 0(¢ 4 k),

fa]
if the series consists of n terms.
A w
Cov (U, U a)= % 3] I:i.:us 0k —cos {EI‘-I-L'U:I
f
I L : )
PR 0k — = 1'2-] cos 0 (2t-|-k) A
i
Let Se= L ocos 0(20--4)
fua] .~
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’/g"‘hE .r"’?:l ﬁ — I.t,[t'.fl ¢ 1I'r - ] ¥

_'-';.11.1 i

A
J 10

rj.lff'"
X n
250 . 5= T '(cin 00214k 4-1)—sin 0 (2 + k=D

=[sin 0 (2n2 g £ 1y—sin 0 (k= 1))
=2 cos 0 (n4-k+1) sin nd

e - ﬂ{n|,l;+-'|.] ilnlr“ L& = {l'l:
sl L T
Substituting in (*), we get -
A ' os O (ntk41)sinA -
Cov l:U'l'l UJ‘+I‘}= 3 cos Ok — ‘_:E_,I i oS [ i B d
Since | CosV (ntk+1)| <1 and | sinnd | <1 for all # and 7,

{cos B(n - k1) sin n0/sin 0}, is bounded for n[l. 0 and m.

Lim A" sin0(ntk+Disinnd _o
ne _,WE"_ A sin U

Hence for a large series (i.e. n=00), et
. Cov {”h UHJ..I-' - ':DS 0k

Var (U)=E(U)=E(A sin Or-be)
= ALE (sin® 01)4¢'
Hh 2A4= 1’&9 'fﬂﬂ =__..-!:_ E sin? 01 45" =
ChiAc COOA-BINA ;f="l }
' 2 A % (1—cos 0.2)+s" v

LA

. 1 = g= g
o "f.-:-u'——’-'l—‘ T cosl.2
A =2 N p=|
Hahes "1-?—&‘:"- A A' [ cos @ (A+1). sin nfl ]‘_,.; >
& .E"}H =2 +u'_-—1-n_ sin Y
[taking k=0 in (**]].
-i a*, for large e values gl

. : ‘n"ﬂr[”v"ﬂ' :

long series.
for 1O Cov (W Um)

.y" Tov (U) Var [Ur-;}
Cov (U . Vi) [ "l|||l'—"- {UI}A‘\I’J},[ '[._Ul*t]

&,
Hence for large 1€

= ytar (L) ﬁ::-r long. series]
A ke
cCO&%
LT e k=0: @40
al4 —5 2 il
et - L = T

Scanned with CamScanner



e |

261 Fandamentats of Applled Sintlatpey
_ A2 A
'I'.hl‘l‘ﬂ O Tﬁj'Fll . AV} 2an o I8 Iﬂdﬂpﬂn{lnnt of k', M

X Thus the corelogram is a cyclic curve with )y, . "
griginal sefiex and amplitude c', Which is inderendeny gr v 14 5 the
gorrelogram of a serics of harmonic terms will oscillate bug il 405 e P
br be damped.” —
For thé more general series
Us=dA, sin 0,14 A, sin Oy-f ¢,
under the usual assumptions, viz,,
E{Ud=0; E(e,)=0, Var (c)=0a2=F(z,)

and that A, sin 0,7 and A, sin 0, f and & Are pairwis
shall get for large n, Pairwise umcorrelated, we

ol vanuh

ry=c; cos 0, k4¢, cos 0, k

where ]

A |
ci= g i A =12 | 260a)

S l: "J '] 2 : I= ¥ i ....‘ ;!
3 (u’+—z‘~ ] X (42420Y i
Fim] =1 _I'
283, Correlogram of Auto-R gressi !

bt e i o-Regressive Series. | For the first order
Uf,‘.lzﬂﬂt-"ﬂg " I ia : =1 !-';;I:} E : = [.}

l-h: effective solution for long series is (c. f. 2°50a)

L]
=]

= ]i E|+ﬂ':t-1+ﬂ=5|u-|+ ven
& moving average of random elemenis of infinite extent with weights

i b=a", (j=1,2,3,..]
' Hence its correlogram is (c. f. 2°59)
g
L BE
ne=d=l E’ I”E la* 4ot 4 g g2 v
2 g 1t+a*+a*+...
f=]

n=a* 3 ..(2°61)

Aliter. Multiplying both sides of" (*) by Uy, taking ex '
Alit - pectation
and dividing by Var (I/,), we get for large series 0

_ Friy—ar,=(,
which is a linear (homogeneous) difference equation of first order in ry.
= rp=gk w[e. fa(2:50)] |
i

Second Order Auto-regressive series is given by
EIH+'EUI+1+'!}UI‘II+I il b | <1
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pancz of U, oo ;ét rﬁidng by 1 y "
't taking expectations and dividing by

F. E Series,
pich is a hnm;;=+qu""'l' bry=g k> —2
W Encoyg |; : e
. Incar d; :
e=pt (4 erence cquation of second order in r,

: €08 Ok-\-B sin 0k)
ICp), | b | Ly a'—db < 0 (e.f. § 272)

inls 4 g ) s
1 Biving ,-IIE.-_:-I lﬂu‘;lf:l"- be obtained by dsing the con-

where P=+'b, cog g _ P

The arbitrar

. c
ditions F'e=1 and y o

(A cog O—p.:
P Bsin 0) = p (4 cos 0-+ B sin 0)

= l a
B TP _
=3 [ pa Cot) = cot ¢ (say)
Tv=p* (cos Lo ‘-cot $, 51.TI kD)

= ri=pt. 50 (k0|
v=p -_Eia_ﬁfl,k}_zﬁipia:\. .(2'62)

ptis called the 'damﬁing' factor

This elegant g
: Pproac
n;sult to a series of any urcll.lcsﬂr
i, .

LI

ﬁnding 'ry’ enables us to generalise the
Thus for auto-regressive series of order m,

| Ug..,.._-l-ﬂ]ﬂ”“-;-l-'...+ﬂmU1='-l+rn ¥

multiplying both sides by Us. taki : o
Var (Uy), we get if the series is long e TR ;- dinstlng. by

AT Y AT A3l mtr=3t oo+ 0 =0
Its solution is [¢.f. (2:55)]

m
==X AiMt
fo=1

Where A;'s are the roots of the equation
A g A= a A O A a =0

@nd A's are ‘m’ arbitrary constants which will be determined from the
Eﬂndiliuns .
rur—_-] and r—i=Fi; fe=1, 1!'"1. I:ﬂl—'[}

Im arks on Auto-correlation and Auto-regression. 1. It

houlq portant Rem ted that the ‘disturbance factor’ or *error term’ £} n
_be clearly noted that e o e il Tnary

sy Lr eries plays an altogether diflerent role. In ordinary

R repressive En =ni of U; Lor all i and . Bpt in an auto-regressive
on ; is indepe >jbutif i<j, &'s nre i

£ries U, ang & arc independent 11127 / certainly not
Wdepéngent of U, and become a part of the L
; Upes), k>0 is not at all affected, whatever be the

1. The Cov (Ut -
3 Il increase by an amount s
38nitude of ¢4 but Var {U;h]:‘ﬁ"m' riance of £, lesser the vnquul to the vari-

€ of ¢, Hence greater —'ﬂm {his
“Crease jp ry is Sﬂlgc ror all k)- ,
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(m+-k)m+k—1)...im—+1)

2'9. Random Component in a Time Series. As the definition
suggests, no formula, however approximate. can be obtained 10 measure
the random component directly at any given point of the series. Usually
the non-randpm componenis are determined and then a random residwal =
which is leit unaccounted for by these components is obtained. .
this bec omes difficult when oscillations appear in the series. Hoﬁmﬂn,

[T r ,!,"‘.'F..I
' |

-

ot
i
-

n—

o
e
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3 Fundamentals of Applied Stajigy,,
\/}:h-.- Variate Difference method enables us to estimate the vatance of y,, o

-

Tarfdom component in & s¢ries. I
" 391, Variate Difference Method. lLcbus suppase

can be icnrruﬁmﬁf tunctional part and _random componer,
s given below . "
¥l E_‘_ - = E';rv-"'ﬂn iyl I- :5"},‘.':""'“ T "' : 4 . "'111”} {
where ¢'s are indepently and identically distributed with
E(e)=0
':L'I'"l-' {::1 5;1'“““- '.. I; } 1 [®

and Var (z) =V (say) et

We know that for a polynomial Uy of muh degree in 1, A%(U) =0,
rm where AU =U,,,— U, the intervar of dilferencing being unify.
. Hence as we proceed with differencing in (2°63), the random element |
becomes more and more predominant urtil finally the systematic compo- |
nent is completely eliminated, Thus from (2763}, we gat !

AU = Aley \ - (2'64)
We have

Sre=(E=1)'%, v E=I1+4A
il e—( ) ) S ( : )E“‘+---+L—|}*] 3

k k ;
*Ent"'( 1 ):Hk—]'l'( 9 )‘m—-:-"---'hl"‘ e o

E(A*U)=E(A* €)=0, [using (*) and (2°64)] (2 63)
Var (o U )= Var Ak [from (2'€4))
=E[r*e,f o [".r E{AF £)=0]

—E :,H‘—( ':': )z.,lnﬂ:( "2“ ) RV 2% 1 :.:r
S X1 e e
()

the sum in the bracket is obtai i : '
both sides of the identity. T ee 0y comparing the:cocficient of <*in

!f (1 XV (x4 1) = (1 4 )7

[using (*)]

Hence an estimate of V is given by

s_Nar (AR U _ o (0F U
I"’" £ ='" . & "
( ?J;) (2 L \Lx +,(266)
k ( k ) ; |

It is to'be noticed that we ealculate p,'(AMU,) and not ved
variance of I U, since E(A* U,) =0 as proved in (265). Hence, once (he
value of k. is known. the yariance ¥ can be estimated. » OO o
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Time Series 148

The variate difference method essentially ‘consists_of the following
geps : ==
‘_j,,(ﬂ Preparation of difference table as shown :
I|U|1&U|lﬁlzﬂtl i
~Aif) Calculate Vi=p (LU, .[k=1in (266)]

w (AR U .
and r=miee v 2 )=" 20D, fe=2in (266)

. l‘l-

(i) 16 ¥, and V3 do not differ significantly. PHen either of them can
" be regarded as a0 estimate of Hﬂffﬁ_ﬁ'ﬂiﬂ‘erﬁgﬁﬂiﬂﬂﬂfﬂﬂﬂiﬁ

F::F‘fr{ 41 'UJ( g )=F=r(-&~: Unf20, [k=3 in (2-66)]

If V. and V3 do not differ significantly, then any one of them can be
lai::n_k estlm_ﬂlﬁ.nlff, ntbirﬂij_:,_r:al_c_utal:‘_:jlj.__:tq. and proceed similarly

= e ——

fill two successive estimates are homogeneous.
- e " - -
/‘ Significance of (V. —Vi.y). Homogeneity of two successive SSUmALES

of V cannot be tested by Variance Ratio Test (F-test) since the consecutive
ferms are not independent. 0. Endg_tieub'gnined the standard error of
(Vi—=Vs:,) and found th found that fof Jarge samples

R

#h_—fpr———i% " Hl-'..f'l' e N{ﬂ, 1:' \-‘f -H{:‘Eﬂ

where V¥V, and V., are consecutive estimates of ¥ from the kth and
T . - = __._-ﬁ_'
h (X iferences of U; and My 5 d function of k and XN, correspcads
%o the variance of the ratio an zn_tabulated in the {QE“_‘TE“‘_;EE-

Diff Hﬂﬂhnﬂl_hyﬁ-_’ﬁnlggr. Thus if | Re | =195, the differsocs
# significant (otherwise not) at 5% I:veﬁfﬁgniﬁ_gﬂzg =
. Remarks 1. Incidentally the variate differen m&d gives the
degree of the polynomial with which the trend component of 4 series can
“=represented, the only assumption regarding the functional form of the
trend is that it must be smooth and not of zig-zag nature with small
period, since in the latter case successive differencing will not eliminate
the functional part. _
2. Fisher's F-test cannot be applied here since the consecutive
terms are not independent, &-£. 2
ke, &EI#EI—'EM. Lti:‘E:]'_'tﬂl . &Ejfti_::
L# etc. Here Ag, and fieg 2TE not independet since £, 1S commaon.

' Example 2°18. Find the variance of the random camponent in the
. following series by Variate-Difference method :

by, : gt o 3'2 sg 87 53 8 &8

Uy 124 94 & 63

;108 18 LS G 15 16 17 18 1920
U, : i1 42 35 104 9 110 107 97 75 36
f: 2 2B M2

Ui: 111 125 78 86 10

Solution. First of all we Prepare the difference table as gived
telow :

-
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TTReeative
g A€1=F2"€, L Eg==y

. ] : n‘:{: 1
2 pxample 2°25.  Find the Yarianee of | i €2 1S commop,

flowing series by Variate-Difference method : ' "1OM camponeny in the

. I 2 3
$ 4 5
i ;;; IJ}} ;H I 15 15 15 18 ", .
Ui : 33 104 95 gy 107 . 2
' 21 22 23 o4 5 97 75 &
478 HI 125 78 g6 102
Intion. First of all :

|Pﬁr§5€n£9{}. We prepare the difference

table as given

- (AU 385

' 27y —=(AU)*_ 17424 :
HU —._———___’F - —_— -

C AT — SLANE 45232

o ASU)=2(DUD* _1,36,365

355- 565
V=208 197.8335, T 45'5 —1262608

(7) (2)
v.=2_”555_=mz'3, V‘=ﬁ'—49§8'—5?—1 =92-7653

(3) :)

From Titner's book, we note that
Hy,26=9"065, Hoygs=11°499, Hyys=12+9445
Now R,= 15727, o cs_2.62>196
\={r7aggs X 9°065=2:62>
4 The difference between ¥, and V, is significant.
Vs 23-4605
Ry= 2 s Hyyop=

x 11°499=2:13>1'96

v, 1262608
The difference between ¥, and ¥, is also significant.
Ry="1—Va 10°0347

Hl'l.'= -—IW b4 12'944515: I'Zﬁ
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DIFFERENCE TABDLE

—
f 7 Ave AW AWy
1 1 ;2 -
—6
2 118 ) - 30
3 124 —36 p» “
—30
4 94 18 0 |
—-12
5 82 18 -
p ~128
6 38 -7 A g
-
7 87 2 ’ =12
l —
8 88 —~1 is ~ 14
n -
9 88 =20 &9
—20 70
10 68 30 ~ 133
30 i3
11 98 —~13 79
17 16
12 115 3 ~70
20 —54
13 135 . { 122
=] 74
14 104 23 ~75
—8 i
13 96 22 18
14 —139
16 110 —17 49
w3 10
17 107 -7 —15
—10 5
18 a7 —12 0
-2 4
19 75 33 64
20 86 % —19 B
5 14 )
21 11 K ~25
14 P ~25
22 125 o ~
18 =4 " 116 166
23
g o 163
24 86 g —47
16
25 102
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ALYSIS
M SERIES AN 2:91

Since Ry<<1'96, the difference between ¥, and Vy,

is n igni
snd so any of these w0 can be taken as the varian 7t

ce of the random

Hence variance of the random component=102-8 or 92-7653
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THE STANDARD LRROR OF TiiE [MFFERE

TABLE 20

Corrreii T Hie

{k = Order of [Hffersnee}

|

|

1

MEE o7

E—%
~m, | 0D
—gz263 | 0.6480

10,740 4401
15160 0.aT710
18,860 | 05244
22,104 ‘Iu.-mm

25,011 | 0.2660

97.661 | 0.244D

10.110 | 0.2284

32 204 | 0.2147

24,641 ' 0.18562
i

43.822 | 0.15402
51523 | 12438
E8.241 | 0.12062
64272 | 0.11038

69.791 | 010238
74,909 | 0.095382
70.700 | 0.09044
g4.222 | 0.08586

B8.615 | 0.OBLES
02,600 | 0.07842
0600 | 0.07538
100,209 | 0.07266

103.032 | 0.07020

- fml-b:- L=20 k=1 l k=12
O aainal
Seben | e 3
S H, | DD* | Hy | DD H,, | D.D.*
—-5o | zain| 0034 | 4maE BAiA0 | 5287 | oAdEd
1] _'!.."Ell'lr o, 1042 7 HY8 | 02364 g0 | 02468
50 nao1| 00863 | 10.242 | 04048 | 12.228 | D.26T8
w | eare] oon6z | 12.190 | 01694 16.106 | 0.2502
50 cog2| oossr | 19884 | 01517 | 18608 | 02T
o | 7.619| 00630 |16.401 | 01366 | 20.845 | 0.2059
70 g.oap| 0.0585 | 16786 | 0.1282 a2 884 | 0.1883 |
80 5.534 | 0.0540 | 18.068 | 01198 | 24,767 0.1758
50 g.983| 0.0618 .I:m.ﬂﬁa 0.1130 | 26.525 | 0.1654
g0 | 0901 004530 | 20,390 | 0.00818 | 2B.179 0.L4322
150 | 12.166| 0.03812 | 26.306 0.0B212 | 35.340 | 0.11924
oop | 14072 | 0.03352 | 20.411 | D.07420 41.302 | 0.10426
og0 | 16.748 | 0.02020 | 33.121 0.062ZT6 | 46.515 | 0.00378
900 | 17.263 | 0.02784 | 36.269 0.06058 | 51,204 | 0.08594
ago | 18.656 | 0.02680 | 30.Z38 005536 | 65.60L § 0.07978
400 | 19.950 | 0.02432 | 42,000 | 006184 59,490 | 0.07476
ss0 | 21.166 | 0.02200 | 44.603 | 0.04910 | 69.228 0.07060
o0 | 22216 | 0.02188 | 47.068 | 0.04004 66,758 | 006706
g50 | 23.410| 0.02088 | 49.390 | 0.04454 70,111 | 0.06400
go0 | 24.454 | 0.02004 | B16LT | 0.04270 73311 | 0.08124
gEb | 25.456 | 0.01928 | 63.762 | 0.04108 T6.A7R | 005806
700 | 26.420 | 0.01860 | 65.800 | 0.0006 79.926 | 006684
q50 | 27.360 | 0.01798 | 6T.TBT | 008828 Az.108 | 005406
goo | 28249 | 0.01742 | 69701 | 003712 | HAIG 005322
aco | 20.120 | 0.01694 | 61,667 |0.03602 | BT.6TT 000166
opn | 29.067 | 0.01646 | 63.368 | 0.03602 | 00.160 0.05022
gs0 | 30.700 | 0.01602 | 66.100 | 0.03412 | B2.6T1 0.04890
1000 | 31.591 .| 60.815 05.110

—

& Pilvided difference, poalline

———

107.442 | 0.067%8
110,841 | 0.0GEIG
114,149 | 0.06414
117.346 | 0.06240

o | 120,488 | ccoe e
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THE VARIATE DIFFERENCE NMETHOD

TABLE 20 (continued)

CUEFFICIENTS Hy),

(k = Order of Difference)

Number

ﬂf:ut-_i:- k=4 k=5 k=8 k=1
U;afi.;ll

N | Hy | DD* | H, | DD* H,, | DD*| Hy | DD
10 4.985 | 0.6179 4.675 | 0.6539 4.893 | 0.6128 | ceeerr | worereeens
20 11.164 | 0.5188 11.214 | (0.5838 11.021 | 0.6557 10.662 | 0.6780
a0 16.352 | 0.4443 17.047 | 0.5078 17.378 | 0.5624 17.442 0.6092
40 20,795 | 0.3916 92126 | 0.4520 23.002 [ 0.5054 23.634 0.6524
50 | 24711 0.3526 | 26.645| 0.4091 | 28.066| 0.4604 | 29.058 |0.5065
60 | 28237| 0.3228 | 30786 03755 | 32.660| 0.4244 | 384.123 | 0.4691
70 | s1.460| 0.2952 | 34.491| 0.3482 | 36.904 | 0.3847 | 38.814 | 0.4378
g0 | 34.412| 0.2814 | 87.973| 0.32556 | 40.851) 0.3600 | 48,192 | 0.4113
a0 | 37226)| 0.2617 | 41.228| 0.3065 | 44.550| 0.3488 | 47.305 | 0.3886
100 | 20843 0.22620| 44.203| 0.26514| 48.038| 0.30244| 51.191 | 0.33804
160 | 51.153 | 0.18738( 57.550 | 0.21962] 63.160 [ 0.25084] 68.093 | 0.28104
200 | 0.522! 0.16316| 68.531) 0.19106: 75.702 | 0.21818 82.145 | 0.24456
250 | 68.680 | 0.14628| 78.084| 0.17112| 86.611| 0.19528| 94.373 | 0.21888
300 | 75.994| 0.13370| 86.640| 0.15624| 96.375 | 0.17820| 105.317 | 0.19962
350 | 82.679| 0.12384| 94.452| 0.14462| 105.285 | 0.16482| 115.298 | 0.18456
400 | 88.871 | 0.11588| 101.683 | 0.13520| 113.526 | 0.15400| 124.526 |0.17240
450 | 94.665| 0.10920| 108.443 | 0.127427 121.226 | 0.14506| 133.146 |0.16228
500 1100125 | 0.10372| 114.814 | 0.12080| 128.479 | 0.13748| 141.260 | 0.15376
550 | 105.311| 0.09884] 120.854 | 0.11514 | 135.353 | 0.13094| 148.948 [ 0.14640
600 |1110.253 | 0.00462' 126.611 | 0.11016 | 141.900 | 0.12528| 156.268 | 0.14000
650 114.984 | 0.00088 | 132.119 | 0.10582 | 148.164 | 0.12026 163.268 | 0.13436
700 |119.528 | 0.08760| 137.410 | 0.10190 | 164.177 | 0.11564| 169.986 | 0.12084
750 | 123.908 | 0.08460' 142.505 | 0.09842 | 169.954 [ 0.11206] 176.463 | 0.12484
800 |128.138 | 0.08190| 147.426 | 0.00626 | 166.557 | 0.10818| 182.695 | 0.12076
850 |132.233 | 0.07946| 152.189 | 0.09240 | 170.966 | 0.10490| 188.733 | 0.11708
900 |136.206 | 0.07722| 156.809 | 0.08976 | 176.211 | 0.10188| 194.587 |0.11870
950 140,067 0.07514 | 161.297 | 0.08734; 181.305 | 0.09912] 200.272 | 0.11060
1000 |143.824 1 165.664 186.261 | .........| 205.802

® Diwided diferences, positive,
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TABLE 20 (concluded)
COEFFICIENTS H),
e ‘_H: = DrdEL::-I Iﬂemnnc} -
N Teens i S -
t.:::-LI :ih:ﬂ k=28g k=9 fe =10
Serica
N Hey | DD Hox D.D.* - D.D.*
10 D e e R Y .
20 10.191 | 0.7117 9.647 | 0.7378 0,061 | 0.7566
90 17.308 | 0.64M1 17.025 | 0.6830 16.627 | 0.7120
40 23.799 | 0.5037 23.855 | 0.6300 22.747 | 0.6619
50 29.736 | 0.65479 30.1565 | 0.5849 30.366 | 0.6178
60 35.215 | 0.5007 36.004 | 0.5465 36.544 | 0.6709
70 40.312 | 0.4774 41.469 | 05138 42343 | 0.5469
80 45.086 | 0.4498 46.607 | 0.4853 47.812 | 0.5183
90 49.584 | 0.4259 51.460 | 0.4607 52.995 | 0.4930
100 58.843 0.37192 56.067 | 0.40402 57.926 | 0.43436
150 72.439 | 0.31022 76.268 | 0.33832 79.643 | 0.36532
200 87.950 | 0.27022 93.184 | 0.20518 97.909 | 0.31938
260 101.461 | 0.24192 | 107.943 | 0.26440 | 113.878 | 0.28624
300 113.557 | 0.22062 | 121162 | 0.24118 | 128195 | 0.26128
350 124.588 | 0.20892 | 133.222 | 0.22290 | 141259 | 024152
400 134.784 | 0.19040 | 144.367 | 0.20808 | 158.335 | 0.27548
450 144.304 | 0.17920 | 154.771 | 0.19580 | 164.609 | 0.21210
600 163.264 | 0.16968 | 164.561 | 0.18538 | 175.214 | 0.20080
550 161.748 | 016166 | 173.830 | 0.17642 | 185.254 | 0.19108
600 160.826 | 0.15444 | 182.661 | 0.16864 | 194.808 | 0.18258
660 177.548 | 0.14818 | 191083 | 016174 | 203.937 | 0.17510
700 184957 | 014260 | 180,170 | 0.16664 | 212,692 | 0.16846
50 192087 0.13762 206,062 0.16014 221.115 0.16250
800 198.068 | 0.13310 | 214.469 | 014620 | 229.240 | 0.15710
850 205.622 | 012900 | 221719 | 014072 | 237.005 | 0.15222
900 212.073 0.12626 | 228.756 | 013668 | 244706 | 0.14774
950 218.336 | 012180 | 236.584 | 0.13282 | 252.093 | 0.14364
1000 994 426 | cceeremst . | 242225 ¢ 259278 | i

* Divided diMerence, positive.
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