¢ Relationship between
E(L_H.),E(Lq), E(W.),E(w)

5 q

=P A E(W)= ! =1
E(L,)=—+F—=—"— 4 .
i) (%) 1=p H=A and u(i=p) u=2 therefore
E(L)=AE(W,)
_p X __p A
E(L,)=-"—= E(w)= =
ii) ( ) t=p u(k=4) anq ( q) u(1-p) ”(‘U_"),Therefore,
£(r,)=AE(w)
_ 1 1 _ P A
E\W,)= = E\W )= = , Therefore
I IR )

Model -2 (General Erlang Queuing model)

This model is similar to model 1 but difference is only that mean arrival rate and service rate
are depend on n not constant.

A . . . o
e " =mean effective arrival rate (number of customers arriving per unit time).

o Hi = mean service rate per busy server (number of customers served per unit tine)

e Step 1: to find the system of steady state equations.

+
Proceeding similarity as in Model 1, the Probability of n units in the system at time (t AE) is
given by

(1) (n-1) units in the system at time t with probability B (r)

Probability of one arrival in time A i.e. R (AI) = At
Probability of no service in time 4¢ i.e. P (O) =L-p,aA
The probability in this case is B (r) A, AL (1 ~H n—l'Af)

(ii) n units in the system at time t with probability A (r)



Probability of no arrival in time At je. K (AI ) =1-AA

@ (0)=1-p,Ac

Probability of no service in time 27 i.e.

The probability in this case is b ({) (1=A,40). (1_ ,u”.Ar)

(iii) (n+1) units in the system at time t with probability B (r)

Probability of no arrival in time 2! i.e. B (AI) =1-AA

%{ (O) = )U.IH-IAI

Probability of one service in time 27 i.e.

The probability in this case is B (r) (U= A1 D0)-p At

Since all the above three cases are mutually exclusive, therefore b (H- AI) , the probability of n

oo . t+At). . . et s
units in the system at time ( )15 obtained by adding the probabilities in the above three
cases.

P (t+ne)_ P (0)A, B0 (1-p,00) P (0) (0= A,00. (1= 1, A) | B (€)1 A,y 0.4,

higher order of At
At (1)

P (e+00)-2(¢)

Al =A,.P, (r) _(A” + P'“) P, (f) + U B (f) +

o . o . t+At). .
Similarly there is no units in the system at time ( )m the following two ways.

) No units in the system at time t with probability k (r)

Probability of no arrival in time A7 i.e. R (&r) =1- AN

R (1) - AL

The probability in this case is

(ii) one units in the system at time t with probability R (r)

Probability of no arrival in time A i.e. B (Br) =1- AN



@, (0) = pAt

Probability of one service in time 27 j.e.

The probability in this case is R (r) (1= A.80). At

Adding the probabilities in the above two cases.

B (t+00)_ B (1) a-AuL0, B(0) 0= AA0.p A

B(t+00)-p(c) _

o =-ApB (r) +UP (t)+ higher order of At

At

Taking limit &¢ — 0 from (1) & (2)

B (6)= A, B (6)=(A,+4,) B () + b P (2)
B (6) = =AB () + mR(0)

When the system reaches steady state i.e.
lim?, (1) = B, and lim#, (1) = 0

Therefore AiB (r) B (A” + P'n) £, (r) b (r) =0

~AB (6)+ B (1) =0

These equations (5) and (6) are the steady state equations of the system.

To solve the steady state equations (5) and (6) obtained in step 1.

p=bp
From (6) Hi

P (0)=- A P (04 (A, +1,) p(1)= _hp”_] (f)+[i+ﬂ] P, (1)

From(5) Hin H M Hiot Mo
A A
n()=- 2 a0+ U2 (o« g g+ 244 ()

put n=1
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Similarly,

Proceeding in this way, we have
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If S is divergent then B =0, which is meaningless.

Therefore, we assume that S is convergent series.

Particular cases:
A=A

Case 1: /- = H } (both independent of n)
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These correspond to the result of Model 1.

A

"on+1

Case 2: H,=H

In this case " decreases as n increases, i.e. arrival rate decreases with the increase in queue
length and rate of service is independent of n.

This is called the case of “Queue with discouragement”.

Substituting the values of A, and o in 9

2 3
5=1+1PD+ A ~B+ A o S
pto12u 2.3
LHp+ ot e

From (8)

g(r):ﬁipﬂ =p_2a_p

Hi H, 2!

p(e)=L e (11)

n'

Which implies that P, (t) follows the poisson distribution.

Case 3: 1f A = nand 4, = ny , This is known as a problem of “queue with infinite number of
channels”

Substituting the values of A, and o in 9



s=1+Zp+ P+ P..

gt o2t 238
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l+p+z+§ ...... =0
Pﬂ=%=c‘f3 (12)
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Pﬁ(r):ﬁi})ﬂ =,O_C_p

Hi H, 2!
p()=Lev (13)

n!

Which implies that P, (t) follows the poisson distribution in this case also.

(a) To find Expected (or average) number of customer in the system (customers in the line plus
the customer being served)

n=1

E( ZUHP Zf:—ep‘p ’O—)e"”=pe_pe‘°=p

n! £ (ﬂ-l !

E(L)=p=

= >

Now with the help of relations (A), (B),and (C ), E Lff) E(WQ) and E(W") may be obltained.



