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G=4. MﬁEWELL-EQLIZMANN STATISTICS :
Here the olasswal' ns

:'|"; .Ir'lr-- l= s -|| il e r . g
placed by the gssumption that each guaniun state (s 8 prioe &g ally probashle

e LTI LT T VT i
imption tha l'.lll.l| reane in the I"I'i':"-' apace are d o) u._IU.'_J.H!,.

Insteud of ralking rbout cells. we nuw talk about states
Unnsider o svste Y .
Lant der o system having n distinguishahle particles, Ler these particles be divided into
antuy oy & ) -
uantum  eroups such that wyn....n, particles lie o groups having epergies £ €€

i RTRTH & ATl 1l 1t b o i P . i . [ . . i
| ivelv, Ler g be the statistiea] weight of ith quantum group. The vonditions in Maxwell-

1 Yoy gr . o & by ’ i 9 i
) Particles are distinguishable v thers are nosymmetry resfrictions
[y ] 1
{71 Each ewwen state 1f quantum group may contain 01,2 ... n, particles,
(31 The total number of particles dn the entire systenm i alwnys eonstant  Le,
m=ry+ Rt 4+ 0 =En CONSLANT,

4t The sum of energies of all the particles in different quantum groups. taken together,

cunstitures the total energy of the svstem,
In this distribution the particles are distinguishable
divided such that ny +ny+...+n =# Suppose first of all we choose

and distinguishable elements are
n, particles which are to he

placed in first state. this can be done 1 ", ways
1!

fiy 't"‘ _”T ||'

The remaining particles are (7 -n) and we want n, particlés on secand state which can be

done in "™ ways Le.,

UT—HJ J!
ng ln—ny =ny)!

' in which particles 1n different states may be exichanged,

Therefore the number of way
leaving the total number in each state fixed, 1s

n! (n«—rl._)! n!
ST e R = g 1 g 0T
mln=ny)l ngln=m —nad Ag PPy
Vi

Now, for each group or level, g, elementary wavelunctions are avatlable. Considering the

group, the particles are accommodated in g different groups The first particie
accommodated in any of the g groups which can be done In g waks The second particle can

also be accommodated in g ways because there is no restriction on this p

of n, can be

article. In this manner

all the n, particles can be occupied, in g groups or levels in g7 ways.
The total number of eigen states for the whole system is given by
o M
fl!glql gx 1.-5:‘ tl-

(7=
il mig Ty
m
:ni g]rll g:{ : g:"l
n"! n;!! ’l‘!
"y
— g
—-.fl!nJ_ . |_'|]
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the given state is
constant

Elementary Statistical Mechanics

=~ )

[he probability of
=3
n
Taking log of equation (2), we have
]Ug' w=n log n!+ E,:”z' 10g g, --lt)g i, ',‘ + constant
1
logw=nlogn+Xin logg -n;logn, i+ constant

Using Stirling approximation
= constant —>(n, logn, —n,logg,

where 1 loe n has been included in the constant term. Differentiating equation (4) with respect

1, we have
Slogw=—X 8(n; logn, —n; log g;)
L
[ i} '
én; logn, +—0bn; —én, log g, ;

=5 A

N | n ]
=-34 log—~+1:0n
o
O

l

4

The condition of maximum probability gives
n
ZJ log —++1 !«Sn,l- =0,
| i)
Introducing the auxiliary conditions
dn =Lon, =0

and applying the Lagrange method of undetermined multipliers i.e

by B and adding resulting expression to equation (6), we have
— ( n; -
2__ llogfl+a+ﬁeijbn, =0

i

!

The condition of maximum probability gives
n.
(log-—‘—+cx+[?)al)6n, =0.

1

Since dn;'s can be treated as arbitrary, we have

n
log—-+a+pe =0

8i
n.
IOgJ- == (a + ﬁez')v
g(‘
8

a+e;
5 i

n, =

and therefore
The result differs from that which was derived classica

weight g,.

..(4)

8]

..(6)

(7T

. (8)

multiplying (7) by o and (8)

..(10)

LT

=

5
M only a factor namely statistical
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. TR was born in Rome on 29 Sept. 1901, He obtained his doctorare
at Pisa. Working with leading scientists in the new quantum mechanics, in
1926 at University of Rome, he inv er.jah*d the statistical mechanics of those

t!
particles that obey Pauli’s exclusion principle, such as electrons, Dirac
independently arrived at the same conclusion z-horm afterword and hence
the result is finally named as Fermi-Dirac statistics, In 1933, Fermi introduced
the concept of the weak interaction and used it together with Pauli’s newly
postulated neutrino (as named it by Fermij to develop a theory of beta decay.

Later in 1930s Fermi and a group of collaborators carried out a series of
experiments in which radionuclides were produced artificially by bombarding
various elements with slow neutrons, which found to be most effective. This S . _
giving rise to the formation of transuranic elements. In 1938 Fermi received Enrico Fermi
the Nobel Prize for this work. He then went to the United States. As a part of

atnm bomb project, Fermi was the leader of designing and construction of first nuclear reactor at
the Chicago University. In December 1942, the nuclear reactor became operative, After second
Waorld War Fermi shifted to ‘high energy particle physics’. He died of cancer in 28 Nov. 1954. An
element having atomic number 100 is named as Fermium in his honour, discovered a year after
his death.

was born in Bristol on 8 Aug. 1902 in England. Dirac was
basically an efectr:caf engineer. He shifted his interest to mathematics and
then to physics. He obtained his Ph. D. from Cambridge in 1926. After = 5. b, i
reading Heisenberg’s first paper on quantum machanics in 1925, Dirac s :
snon devised a more general theory and next year, Dirac formulated Pauli’s
exclusion principle in quantum mechanical terms. He investigated the
statistical behaviour of particles like electrons which obey Pauli exclusion
principle, which Fermi had investigated independently a little earlier, the
result was named as Fermi-Dirac statistics, in the honour of both. In 1928
Dirac applied special relativity to quantum theory. In an attempt to explain =%
why charge is quantized, Dirac in 1937 found it necessary to postulate the Paul Dirac
existence of magnetic monopoles, isolated N or S magnetic poles. More

recent theories show that magnetic monopoles should have been created in profusion just after
the Big Bang theory that marked the beginning of the universe. Dirac became Lucasian Professor
of mathematics, in 1932, at Cambridge, the post Newton had held two and half centuries earlier.
In 1933, Dirac shared the Nobel Prize in physics with Schrédinger. He died on Oct 20, 1984,

L_

\w/aserrﬁ‘afmmc Distribution Law

Consider a system consisting of n independent and indistinguishable particles, The particles
have definite energies (or momenta) and occupy definite positions. Therefore, they can be represented
by phase points in the phase space. In order to determine the energy (or momenta) distribution of
these particles in the most probable state known as equilibrium state; we divide the available volume
in the phase space into large numbers (say k) of compartments (quantum groups or energy levels),

each compartment representing a small mterval of energy (or momentum). Further each compartment
is divided into elementary cells; each of size I, where h is a Planck’s constant.

Further, we suppose that the size of the compartment is very large as compared to the size of the cell
so that each cnmpartment contains a very large number of elementary cells. Let the compartments be
marked 1, 2, . .. k and their mean energy values be represented o R E;
containing g, , g?_. ....... . g, neenee &y Cells respectively in them, The total number of particles m the ;yxlc'm i3
=0+ Nyt £ s *r.
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Pur aim is 1o find the Farmi-Dirac distribution law ¢
\_)Mﬁll n Fermions in ¢, cells of the ith eompartment For this. the

Basic Postulates
(i) The particles of indistinguishable so that there is no disting
which n, particle are chosen
(if) The particles obey Pauli’s exclusion principle accardin
particle or only one particle in a given cell. Therefore.
greater than the number of particles. i.e.. g >> 7,

Out of n, number of particles in the ith compartment with mean value £, ) :
an be assigned to any ol the g, sets of

different ways, in accordance with
acant. The second particle ¢an be

placed in any one of the available g, states. i.e., this parucle ¢
quantum numbers. Thus, the first particle can be distributed in g,
Pauli’s exclusion principle and the remaining (g,— 1) will remain v
arranged in (g, — 1) different ways and the process continues.

Thus. the total number of different ways of arranging p, particles among av

energy level E is given by

]
g
i

|
]

|

b
—
o]

|
b

&
(g;,—n)!

the distribution ot # Fermions out of the

s p[ﬁ.\'.l.lfnf;"- dre

qion between the VArIous waysan

¢ 10 which there can be either no
the number of cells must be much

_the first particle can he

ailable g, states with

Fscamns- [g— (= 1]

=L 227)

Further. since the particles are indistinguishable, it would not be possible to detect any difference
when n, particles are reshuffled into different ways occupied by them in the energy level E. Thus, out
of these n, permutations of the indistinguishable particles among themselves will be meaningless.

Therefore, the total number of different and distinguishable ways is

g !
n (g, —n)

Therefore, the thermodynamic probability for the microstate (1), 1y, ...

is given by

.....

1l
T
X

-1 M (g, —n, )!
where [1 denotes multiplication of terms for various values of 7 from | to k.
Most Probable Microstate
Taking natural logarithm on both sides of eqn. (12.29),

k
In W = 2[1}1 g!=Inn'!~In (g, —n) I]
A =l
As n; and g, are very large numbers, we can use Sterling approximation

Inpl=(nnn)—n
Applying Sterling’s approximation, we have

k
InW = Z[gilﬂ Bi—&—mlnn +n

i=1

..........

Ry s

-{12.28)

- ny) of the system

8:'!

n!(g,—n)

.(12.29)

7 ¥V

PE—
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~(g, —n in{g, —m)+ {8, -n,) |

= le Ing, —nInn —(g - ) in{g, —uﬂ

Here g, is not subject to variation w hﬂrtm n; vanes continuously. D[Hf.n,ntlaunu both sides, we have

4 12
|
3 n = 8, —Inn bn +(g -n)
§(n W) = Ei s | (

6n, +in (g, —n ) on, ‘
{m -n) J
k

= Z [lﬂ (g,—n)—In nJ on,

i=|
To get the state of maximum thermodynamic probability

f HnW) =0

i In { inn]f}n;.:f]
or i‘a in S;—” J =0

1.
- In —* on, =0
2 = [ &N ] ‘

k
!II.
or Z []“ 2 — 1, }5"’* s (12.30)

i=i
In addition, our system must satisfy the two auxillary conditions:
(i) Conservation of total number of particles, i.e., # = g constant

A= an = constant

ie., OE = E on; =0 (12.31)
:
(i) Conservation of total energy of the system, i.e., E = a constant.
E = z 7 E; constant
i
ie. O = Z E, 8n, =0 (12.32)

We shall now apply Langrangian method of undetermined multipliers. For this, let us
- _®4n. (12.31) by o and eqn. (12.32) by B and add the resulting expression to-egn. (12.30),

z[m( ]mgﬁ-}aﬂ "

=l &~
As the variations 8n, are independent of each other, we get

n;
In a+PE =
[Sr ) B R

multiply
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— > o —

n

or L = 5 {a+fE)
S:l'-”r
g —H
or ts”__]_ = .‘u.,_[”_._
n ¢
i
or BE 7 o £FHHE
"
or i = {_[:1-1.’:}.' +1
n
g -
or n, = ?ITF‘_'_ (12.33)
e t 4]

This equation represents the most probable distribution of the particles among var 1Ous chergy
levels for a system obeying Fermi-Dirac statistics and is therefore known as Fermi-Dirac distribution
law, for an assembly of fermions.

Theparameter P = % where k is Boltzmann’s constant, has the same role as in case of M-B
ribution law. Substituting in equation (12.33), we have
8y 8; . .
n = - o= ) (1234'
i €Q+BEIIAT +1 euf.&"/LT +1

Fermi-Dirac energy distribution function.
/ Since there can be a maximum of one particle per quantum state, the function fiE.) is the ratio of |
the number of quantum states of energy E, occupied by electrons to the total number of quantum
states available in the energy level E.. Therefore, the value of E,) for the Fermi-Dirac distribution at
a paricular energy E, is the probability that under equilibrium a quantum state of that energy is occupied
by a particle.
From equation (12.34), AE)) is given by

ﬂEj) = e
£

i

a EJkT
ee' +1

For continuous distribution of energy at energy E, the distribution function is written as

1
AE) = AT ..(12.36)

F-D energy distribution law for continuous variation of energy

If the energy levels are very close together, then the distribution of energy of the particles may be

COﬂSidCTBd COij.ﬂLIOl]S. For lhiS diSll'ibll[iOﬂ t.hB number Of P 'C esn W
. articl i i
: | ; ; (Er)dE hose energms he betwecn

nE)E = fE) g(E)dE

where g(E)dE is the number of quantum states of energy between £ and E + dE (12,37

Substituting the value of AE) in eqn. (12.37), we have
nE)dE = &EME

e e %y .(12.38)

...(12.35)
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