1 ]

= b 2y (-2) 22 + x(=1) 21 + x,(0) 20 + x,(1) 2] 'i
Dzt x Dz rx (D4,

or X2 =421+ 22 ' ”
i)
AlS{), ¥ 2(2) = Z[xz(n)] e sz (n) zh
Nn=—oeo 'y
| MRt ki Send pha e (i)
From convolution property of z-transform, we know that
X(@) = X,(2) X,(2) . Aiii)
l?' Substituting, equations (i) and (ii) in equation (iii), we obtain
_' or X@ =@-21422 QA+ +22+23+20+27)
X@) =(@+2 ) +322+ 323+ 324+ 328 +2z5+27 . ()

Now, taking the inverse z-transform of equation (iv), we have
x(n) = Z! [X@)] = {4,2,8,3,3,3,-1,1} Ans.
T

Example 7.52. Find z-transform of the following discrete-time signal
x(n) = 2"u(n - 2)

Solution : We know that

1
Z [u(n)] = e

Therefore, the z-transform of u(n — 2) can be found as under :
Z [u(n - 2)] =22 Z [u(n)]

-2 1 _
2z (1_2_1] (1)

Zlu(n - 2)]\2_1 i

I

Therefore, Z [2" u(n — 2)]

S e 4272 th
e - ns.
e T P 1-227"

2zl 52z

Example 7.53. Obtain the cross-correlation sequence 7y, (1) of the following

given sequences
x,(n) = {1,2,3, 4}
T

xz(n) -t {‘%3$ 2, 1}

Solution : We know that the Cross-correlation sequence can be obtained by
using the correlation property of z-transform, t.e.
Ry (2) = X,2) X,z
Now, taking z-transforms of sequence x,(n) and x,(n), we obtain
X@=Zxm =121+ 372423
X, =Z[x(m)] =4 +321 + 222+ 73

B‘i}bltltutmg z = z'! in equation (iii), we get o
Xz =4+32+22%+2 - (10)

A1)

i)
)




SubsREULing equations (i) and (jp) in
e

Ryxy(2) =X
%1% 1D K@) = (14 221 + 822 4 428 (4 4 324 22+ 25

or Rxlxz (z) = (23 + 422 +
. . 10z + 20 + 2521 + 942
42 + 3
Taking the inverse z-transform of equation (v), we get i e

r. l) = 71
mx, (D) =z [Rxlxz(z)]={1,4,10,21p,25,24,16} o=ty

quation (l), we get

Example 7.54. Find the initial
x(n). Given and final values of the corresponding sequence,

X(2) = 2+314
422
ion : We kn S :
Solution ow that, the initial value of the sequence x(n) is given by
= Li =il =
M) = mladee 14 2) H 8 40

L= = B = =]

Further, final value of the sequence x(n) is given by

(o) = Limld-27) (243271 4 4272)]

= le 2 -1 =2 -3
Izl-—rl[ +zl42 4z73)

ox X)) =2+ (1) + (1) 2 - 41)8=2 +
. =2+1+1-4=0
Initial and final values of the signals are 2 and 0 respectively. Ans.

Example 7.55. Find the causal discrete-time signal x(n) for X(z) which is given by

1+2271
X =
e 4272
Solution : Given that : ’
142271
()

X)) =
@ 1-2z"144272

Equation (i) can be written as under :
e /
(2 = e (i)
We know that

u _ 2(z— Acosay)
&l dosagn] = 2% - 2Azcoswg + 42

¥ AZBi]JO]O
and  Z[A"sinogn] = 500 o5 + A2
Now, the denominator of X(z) gives
22 92+ 4 = 2% - 2Az cos 0, + A?
Acoso, =1and A=2
2 cos o) =1

cos @ =-2-=cos 60°



Also, the numerator of X(2) gives
2% + 2z = 22— Az cos 0, + a (A2 sin o)

or 22+2z=z2—2z(—;—J+0t[22[2§-]

or 01=J§

Therefore, we have
[22 - chosg] ++3 [22:3&1%:]

e 22—22(20083)+4

Thus, we get  x(n) = 2" [COS%E +/3 sin%’-‘-jl u(n) Ans.

Example

7.56. Impulse response of a discrete-time LTI system is expressed ag
under:

h(n) = {1, 2,3}
[

Find the input sequence x(n) for output response which is given by
y(n) = {%v 1,2, - 1, 3}

Solution : Taking the z-transform of A(n) and y(n), we obtain

2
HE) = Z [hn)] = 2, h(m ™"
n=0
=h0) 2%+ h(1) 2! + h(Q) z2

=1+21+ 322 (i)

4
and Y@) = Z ym) = 2 m 2"
n=I(
=y0) 20+ y(1) 7' + y(2) 22 + ¥(3) z73 + y(4) 24
or Y(2) =142+ 222 4 23 4 34 (7))
Further, we know that
Y(2) = X(2) H(z)
Y(z)

or Xz = H(z) .(iid)

Substituting equations (i) and (ij) in equation (iii), we obtain

1+27142:2 53, T :
1+227! 43272 -

X =



-_— —— The z-transform OO0 493

I . Tk
l "' 2‘- + 8‘”" ) 1 + l "1:‘ ,‘2,:—.2‘ ..... —"q:-’-s-.,_.-
1 " TR T =t 4 g8
"—l-—..:__‘-___:

‘ e —
s
S ——

“"2" 4.3-2 _"z.:‘

=¥ -2t gy
» 4

——

o
e s ———

¥4 9z gyd
T4 228 4 gt

—

-

Therefore, we have X@z) =1 S 0 .
(Y

Taking the inverse z-transform of equation (v), we obtain
x(n) = Z1 (X(z)) = z-1 (1-21 4 z?
= l%n"lull An!.

Example 7.57. Obtain the inverse z-transform of the following X(2) by the partial

fraction expansion method
zZ+2
Xi
@)= 2% 72438
ifthe ROCs are
1
M |z| >3 () |z <3 (idi) %<|z|<3

Solution : We require the partial fraction expansion of Xiz).

Thus, we have

X'(z) =

X(z)g z2+2 % 2+2
- =
z  2(22°-72+3) 22(2__;](2_3)

X' = A + A + . (using partial fraction expansion)

z _}_] (z-3)
2
B 5 8/8 ()
X@ =g~ 1 -3 |
ST the given function . X(2) has two poles namely p, = 1/2 and p, = 3 and it

lave followi three inverse z-transforms : '
Yt;‘m = -"l “’gl > 3. all 1:0133 are interior, L.e., the signal x(n) is causal,
region |2 »

¥

(l)uu(n) = (3 u(m)
2 3

(n) = 38~
exterior, i.e., signal x(n) is

B, 54 _ are
[ o) < 3. o



= S -(%j'a(-n - 1) =5 (B wl=n - 1)

o2 ol A
mzytnmfmgélzl43,thcmlep,=~§mmummpzz“

exterior, and therelore
o) = %&(ﬂ) -(érru(n ) ---;-(3)“11(-—11 -1) Ans.
Example 1.5, Figure 7.14 shows & low-pass RC &1069
network. Vind the equivalent discrete-time ex- VWV 7

pressions for the cirouit output responses y(n),
when the input 2A8) = ¢ and the sempling fre- Ce10°F == i)
4

quency is f,= 90 Hz

Solution The transfer function of the given

network in the s-domain may be expressed as s —
ig. 7.14.

under:

Y(#) 1/RBC 1
m’xﬁ)“l**}w s+l
RC

Taking the inverse Laplsce transform, we obtain
k() = Inverse Laplace transform {H(s)}

= [nverse lLaplace transform {sil}zﬁ

Now let us use zAransform approach.
M“#’;iﬂmaﬂ' we obtain
. MnT) = »1, i)
Taking the ztranslorm of equation (iii), we obtain
Hz) = Z |MnT)) = z[e-uf,l
L)
D)
.Aut)
{viid)
(VD)




T o TN e Rl CARRARALRA. AR e e s
Y(2) ‘
5 i [P o t.
(z-e‘ ‘)(Z-—-Q" l‘) :
Y@ _ 1 A 1
A (z—e‘Ta)+z;:?_z_T;
(using partial fraction expansion)
: 1
_ Y(2) o (‘f::f‘:] [ T‘]
W B )
(a-e"rs) (Z-e‘ﬂa)
il ?ﬁﬂ,_“-—~__h__jL_q L (L o 4
U=e%) 5y Uty o oo (i)
s 0 of equation (ix), we obtain
y(hTa) m(e ‘).i.(“r( "‘2’!1}) -"(x)

el Y s 1
Substituting T = 50 - 0.02 in equation (x), we obtain

»(7) = 50.5(0.980)" — 49.5(0.961)"
Hence, the required output response will be
¥(®) = 50.5(0.980)" — 49.5(.0961)® Ans.
Example 7.59. Find the z-transform of the following functions :
(i) x(n)=-a"u(-n-1)
(i) x(m)=a" u(-n-1)
m (1) We know that Z-transform is given by

X = - Zn u(-n-1)z™ =- 20

n=-—ee

R =—s

X@) = - i(a"l N = i(a’l 2)"

a=1 n=0




X&) = i(azj" & ilaz)" -1 |

Again, we have

P 1 :
Z(az';" =T if |az|

n="0

<lor |z]| <—
73

Ang,

— ——

N o e = ] = =
x(z"l-az 1~-az z~1la

1 az z 1
Thus, we have J&) =5

Example 7.60. A finite sequence x[n) is defined as under :
20 Nl eEns Nz

xn) = {: 0 otherwise
where N, and N, are finite. Show that the ROC of X(2) is the entire z-plane except

possibly z=0orz==.
Solution : We have

N
X@e) = ix(n) z™" ()
n=N;

For z not equal to zero or infinity, each term in equation (i) will be finite and
thus X(z) will converge. If N, < 0 and N, > 0, then equation (i) includes terms
with both positive powers of z and negative powers of z. As |z| — 0, terms with
negative powers of z become unbounded, as |z| — =, terms with positive pow-
ers of z become unbounded. Hence, the ROC is the entire z-plane except for z =
0 and z = =, If N, 2 0, equation (i) contains only negative powers of z, and hence

the ROC includes z = . If N, < 0, equation (i) contains only positive powers of z,
and hence the ROC includes z = 0.

Example 7.61. Find the z-transform X(z) and sketch the pole-zero plot with the
ROC for each of the following sequences:

(abx(u)-(%: -u(u)+(%] .u(n)

wn \n

(.)g(n):[-;-) .u(»)+(%) u(-n-1)

l n l\n
(c)z(u)s(-’f) '"{n)+(3) u(-n-1)
Solution : (a) We have
1Y z 1 .
(E) u(n) © z-—l- |z| > 2 k)
2

. i)

i T
B i



e ——

It may be observed that the RO

Cs ; . .
fore, W€ have S IN equation (i) and (ii) overlap, and there-

e 22 z_.i
X@) ——_-_--'i"‘i‘f:'-——-—-(-—__l_z_)__ |z| 1 (iii)
Z—= = z| > — 411
A 1 '
) e

om equation (iip). i
5Fl' q @), it l:my be observed that X(2) has two zeros at 2= 0 and z
- — and two poles at z = — LA
12 and z = 3 and that the ROC is |2| > l, as sketched
in ﬁgure 7.15(0). 2

(b) We also have

1\
3
1)" s
(‘“‘ u(-n-1) & - —=_ 1
2 z__]'i |Z| < 9 (U)

. it may be observed the ROCs in equations (iv) and (v) overlap, and thus, we
av

z z
X(2) = Tl s e 2l % l<|z|<l ..(V1)
3 2 9 3
Im(z)
‘T A Im(2)

%/%——; 7
= K

Fig. 7.15.
From equation (vi), it may be observed that X(z) has one zero at z = 0 and

-

7 -% Re(z)

(b)

1 1 o 1 3 :
two poles at z = ] andz=-§ and that the ROC is 3 < |z| < o 28 sketched in

figure 7.15(b). :
~ (0) In this case, we write

..(vit)

1173




Example 7.62. Find the inverse z-transform ot K |
X
I i

7o) =1 (s
2o = i 1+ 2 :
X(z) = 2 [1 22 ](1 K zl) 0<|z| <w» i
Solution : We can express X(z) as under : .
s 2 1. _._5__!.3"1
X(z) = 2= -+ 23 )

Then, we have
X(2) = 2(=2)2% + x(-1)z + x(0) + x(1) z1

and we get

Example 7.63. Using the power series expansion technique, find the inverse 2.

transform of the following X(2):

e S
(6) XD =7 g1’ |z>|a

1
(b) X(2) = —»|zl<|e
1-az

Solution : (@) Since the ROC is |z| > |a|, that is, the exterior of a circle, x(n) is
a right-sided sequence. Thus, we must divide to obtain a series in the power of
=1, Carrying out the long division, we obtain. |
1+az!+a2z?%+ ...

1= gzt |2
1-az}
az-)
az-! — a? 22
a?z?
Thus, 'X(z)=—1"'*=1+ 1 4 g2 22 .
l-azﬁl azr*+a“z" +...+a"zk+._,
and thus, we have
x(n) =0 n<0
x(0) =1
x(1) =a
L =) =a® ...
g x(k) = a* ...

~ Hence, we obtain

@ B L x(n) = a" u(n) Ans.

| g h‘ the ROC is |z| < |a| that is, the interior of a circle, x(n) is a left-

mm eéquence '!.'hns. | L;: must divide so as to obtain a series in the power of z a8
ultiplying both the numerator and denominator or X(z) by z, we have



Xa) m ~2_
=-Q

out the
md ﬂﬂm ).Ohg diVidou‘ we obtain
£ S 0
.a-lr
Ll p
: A
1

Thus, o —ap™l S0l aag Vg a8 gk
~ and thus, we have

A () =0, nx0 4

S(—l) = —G‘l‘ x(_2) = - 6-2' x(__3) =g » x(—k) = — a-t e
Thus, we get

x(n) =-agh u(- n - 1) Ans.

w 7.64. Find the inverse #-transform of the following X(z) :
4 1 )
1 5 plzl>a
L LG8 )

 (a) X(2) = log

Rt 4 Pedstza 4)
e Nm'm "'"""""""""T =l <la

\1-az
y ;‘M The power series expansion for log(l - r) is given by

-y == =r" rl <1 (i)
‘_“.““i ) ,21 17l

el -r _1]--108(1 arh) |21 > la|

o lftl-a that is, |az"'| < 1, X(2) has the power series

sz ) = Z_Qn,—n

n-l.







b
L -

[ v, she combined ROG & |, > d

Farther, ws have

1
H) = =
2 3

1 -
or H(z)='§ —2 2 LT

Poles.ofH(z)vvillbeatz=_;_ srigk wd

: . - 1
Zeros of H(z) will be atz—Oandz=§. Ans.

Example 7.66. (i) Determine the unit step response of
the system described the following diﬂ‘erenﬁe e;?\z-
‘ ¥n) =0.9y(n-1)-0.81y(n- 2) + x(n)
under the following initial condition:
a ! YED) =y(-2)=0
' (ii) Find the Z-transform of the following time

(U.P. Tech., Sem Examination 2001-2002)

¥(n) = 0.9 y(n - 1) = 0.81 y(n - 2) + x(n) ()
orm of equation (i), we have

¥(2) = 09(z Y2 + y-D] - 0.81 [ Y(2)
g + 271 y(=1) + y(-2)] + X(2)
= Wl Y(2)] - 81[2"a Y(2)] + X(2)

e -.: - Y:’) =1-0.927% + 081272
;ponse will be given by




Step response
0 for K <0

S | for K =0
= h(k) = :
e kE 0.1 for K=1

0.91 for K 22

(i) Z-transform of Ramp function
x(n) =n,nz0

Z[x(n)] = i.ﬂn)z"” = Zuz-n

N = =oa

Here,

X@) =2+ 22+ 3270 + ...

which is an infinite term G.P.

V-
Z F 1
———————

)i (L-gDf

HE) =

Also, ROC |z| > 1
(ii) Z-transform of impulse function:

Here, we have

H(z) = Z[6(n)] = 28(:1) ™" =]

Here, ROC will be entire z-plane.

Example 7.67. Let x(n) =0, n <0 and x(n) «» X(2)

show that region of convergence of X(z) must be exterior of some cirele in z-
(U.P. Tech, Sem. Examination 2002-2003)

plane.
Solution : Given x(n) =0,n<0
The above sequence is right sided sequence of infinite duration,

Now, since z-transform of such sequence is given by

Z.t(n) "

n=(0

X(2)

Therefore, we have
x(n)z™ =0 for n <0

20 fornz0

On putting z = rle’Q, we have sequence ZX(H) (rel®)™
n=0
Thus, we write
X@) = 3 xm " e/
n=0

4
this is also summable




-.._\_\Th. ztransform 00 503
| _’ Cor Z‘”("” M < e |

R o)

hus, we have Negative Power o
and right sided sequenc, Which fopy,, fin :::fi:]::: term ¢ p
_ovien, whose sum cay, 1. “Xpresgeq ag [ '

]‘%'-J The de.
minator will provide , Pale o, Ron

.;31!! the exterior to thi, circle '-lp;.o iy "ill be defineq
M‘i@g‘“’w‘ : “ransform, of following sequence
(i) u(n)

() =u-n~1)
What do you conclyde from theg, Ztransforme 9

(UP Tech, sem, Examination 2002-2003)

1fornzq
Solution : (i) u(n) = { 0 for 1 <

Now, since X(z) = Zx(n) z

or X@) = Y xm 2
n=
or X = ):01 "

X = Y

n=0

S ROC : |2] > 1 N |
R r
C is defined for exteric







