mple 7.06. Find ¢ ,
Ex“ 1 &) 1 "lﬂ th‘u.nuﬁjr"‘ and the RO atthe nl“nﬂl.

“m) [ B027) - 4| uiny
golution « The given gigna iy |

x(n) = |a(2") - 48" | utn) )
Assuming that x,(n) = 2:._,4(,”
and : %yn) = 31 1(n)
Then the signal x[n| mny be written ag

x(n) = du,(n) - Ax%,(n) roelih)

According to linenrity property, the ztransform of equation (i) is

X(2) = 3X.(2) ~ «
Also, we know that : 1) i) i

1
(LS TEG ) P —— ROC : 2| > || (L)
|~ ¢z

Substituting o = 2 and o = 3 in equation (iii), we get
%y(n) = 2% u(n) 2wy X,(2)
1

or x,(n) = 1-92T ROC: |z]| > 2
and %y(n) = BMuln] «~= X,(2)

1
or xy(n) ='1":_*3—z_—:1- ROC: |z| >3

It may be observed that the intersection of the ROC of X (2) and X,(2) is |z|
> 3.
Therefore the overall z-transform X(z) will be

3 4
X(2) = 1:_22_, —y ROC: |z| >3

Example 7.37. Evaluate the z-transform of the following signal :
n
x(n) = (—;—J u(n)
_Solution : The given signal is

i .
x(n) = ('E] ‘u(n) .. (i)
‘We know that z-transform of a signal x[n] is expressed as

Zism) = X@ = XMW"

| g the value of x[n]r we get
' - IJn u(n)z"™ [ wn) exists only for positive n

2
[ tekd” = P



S f1.-1Y FaiN 1 1)2 [1 --l):i
o\ = $Y -l 2! o o + :‘2.-' o T :
X@ = Z (2 ] l+(23 ] (2 2 "'('-U

n=0
The above expression 1s & well-known g

or
eometric progression of the fopy,

1 +x+a3+a3+ L B e if |x| <1
- RF : e
Therefore, the equation (if) becomes
1 11 ok
X@) = s for 23 <1lor|z| :
1-—2
2
2 o M
Hence X@=—T7 ROC : |z| 5
Ers
Example 7.38. Find the =transform of the signal
x(n) =-o"u¢-n-1) = |0 nz0
- ns-1

Solution : The given signal is
x(n) =—at u(-n-1)= [0 nz0

{-a”' n<-1 (L)
We know that z-transform is expressed as

Zixn)) = X@ = D xmz"

nL=—o0

According to equation (i) X(@2) = 2(——(1") iy

n=—co
Putting m=-n X(Z) o _Z(_a—l z)m
m=1
Using the formula x.+ x® + . =7 £ o [0 = 1
-X
Therefore, We have X = - oz
1-alz
x[n]
111 -6 -5 -4 -3 -2 -1 |0
(a)
1,(2)
/\
[{ > R,(2)
ROC
7 (b)




Xi) = _ i
i ey for |a7'z| < 1lor |z| < |a]
-0z

or X(z) - -.._,__l___ .
oo ROC : |z| < |o

Example 7.39. Find the Zz-transform of the signal

x(n) = pgn,
Solution : The given bl i u(n)

. 2(n) = nar u(n) i
The signal in equation (j) .
may be expressed as nx.(n
where %,(n) = . y(n) P 1(n)

But, we know that

1s, 1
%) = ahu(n) 2 X (2) = ——_—1 BOC:|z| > |al

Also the differentation property states that

If x(n) e X(2)
4X(2)

then nx(n)«2_y —z
dz

dX{(E) o e
dz " hmagh)

Example 7.40. Find the discrete-time signal x[n] whose z-transform is given as

Therefore, na™u(n)e«2— X(z) = -2 7 ROC: |z| > |a]

X(2) =log (1 +az™® |z| > |a|
Solution : The given expression is
X(2) = log (1 + az™) |z| > |a|
Taking the differen_tiation, we get
dX(z) _-—az®
dz  1l+az!
dX(2) < 1 ;
; — — _ 2l = |la : san l)
Hence L az L_ (—a)z‘l] |z| > |a] (

In equation (i), the inverse z-transform of the term in brackets is (—a)".
The multiplication by z™! means a time-delay of one sample (i.e. time-shift-

! : . el
roperty) which results in (—q)"" uln
e ?n I-P;st,yfrom the differentiation property, we get
nx(n) = a(-a)"1.u(n-1)
au
x(n) = (-1)""1.—;- u(n—-1) Ans.

7. 41. Find the pole-zero plot for the discrete-time causal signal
ple 7.41. I'1

. We know that the z-transform 1s expressed as

Zix(n)} = X@ = —Zx(n) 2"
‘-—ifu . u.(n)z-n L goan e ['-' U[n] =1forn> 0]

n




or  X@= ) (@)= i(%)

2 3 i a
or X(2) =1+2+(£J +(EJ e = a ;<10r 12> a
4 g Z 1—-—
z
5 XD = ROC : |z| > |q| 0
From equation (i), it is clear that X(2) has one zero at z; = 0 and one p), at
py=a.

Figure 7.12. shows the pole-zero plot.
p 1,(2)

7/6 ROCZ
= 2 R, (2)
-

Fig. 7.12. Pole-zero plot for the causal exponential signal x[n] =a".u[n].

It may be noted that the pole at p, = a is not included in the region of the
convergence (ROC) since the z-transform does not converge at a pole.

Example 7.42. Find the z-transform of the following sequences :

(i) x,(n) ={1,2,3,4,5,0, 7}
(ii) xz(n) e {1! 2,3,4,5,0, 7}
1
Solution: (1) Let us consider the first sequence x,[n], Its samles are

xl(O) =1 x1(4) =5
x,(1) = 2 x,(5) =0
x]_(z) =3 x1(6) =17
x,(3) = 4

The z-transform of this sequence may be obtained with the help of the ex-
pression

X = le(n) g

n==oo

Here, ::L[:] has the values from n =0 to n = 6,
Thus, above equation becomes

6
X,@) = ) x(nz"

n=0
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Hubstituting the valuey of O
' !
d\"(l) — l | 2# I ll' ‘: ";lll "Klluutlinu, Wi uh[,

or .r‘f!(l)*' | + 2 .;;,a.* 4z "'lf'h' 4,7 I
' ¥ | ..:
4 ‘\'I(’” - ] ._J_ " uf ; a : 7
e if)' g .Tﬁ

Now, let us detorming Rad .
han ﬁlllt:* values excopt u gl:‘(:uil:m of ;"“'V"l'm'vlu:u for this ztransform, X, (z)
: cone 'l | g ' & t ‘I . p =
Henco X, (2) in Convergent for 4 vulu; \':.” bocomen infinite.
hat ' P 1 ; WOl z excopt at z = 0,
']hnl‘ﬂfma. the rogion of ‘onvergence (ROC) willllu’s'
ROC @ Entire z-plance axcopt # = () '

(1) Lot us connider the e
ond Bequence Xyln), Its pamples are

Ng(= 8) = | Xg (1) »

0 i . ) E n
Xy (= 2) = 2 Xg (2) = ()
Xy (= 1) = 3 Xy (8) =7

Here, xy(n) has the values from 5 = Stonmy
Thus, z-transform will be oxprossed ag
3
Xy(2) = sz(n) z™"
Nw =8
Substituting the values of Xy[n] in above equation and expanding, we get
Xp@) = 1. 2% + 222 + 821 & 42° + Bzl + 0,22 + 72

or Xo(@) =25+ 222 4 32 + 4 + 521 4 728

3. 0.2 . ¢ o 07
or Xo(@) =2"+22°+82+4 4= 4 —
2() % z—;‘

Now let us determine the region of convergence (ROC) for this z-transform.
Here, X;(2) is infinite for 2 = 0 and 2 = w, The z-transform expressed by above
equation is not convergent at z = 0 and z = o, Hence the region of convergence

will be :
ROC : Entire 2-plane except 2= 0 and 2= o,  Ans.

Example 7.43. Find the z-transform and ROC of the following sequence :

1 n _!_ n ot
x(n) ll(--é-J .u(n)—(z) U(-n-1)

1 ‘Solution : The 2-transform of x[n] will be given as

Zx(n)) = X@ =2 [—'%]u-u(n)*[%)".u(—n—l)}

satisfies linearity property, therefore we may write above

()

- ﬂ*mﬂl results derived earlier ie.,

M &



1 n 1
= s RO 8 > =
Z{G’o u("“ e 1~ az 1 l I 3

. ROC:|2|>
\i "'t”‘] L

wu

s B W 2
-3 1 ) =
Therefore, Z{[ 3) arie } 1+ : 2!

ROC:|z|<|a

Also, Ztetnt-a-1) =770

Therefore, Z {—( >
Now, using equations (i7) & (i), the equation () may be written as

n g Ly i
IJ .u(_n_l)} — 1 az—l RO(a.|~|\§ Ul'!]

| 5

1
X(@) = ; + 11 s ROC: | 2|> = and |2|<
1+— 2-1 1——- :_'_ '
3 2
1 1
The ROC of z|>§and|z|<§ may AL

also be written as-g-<|z|<%.Hence, ROC ROC : 143 < |2 < 1

is the region between the circles of ra- o
[N

dius of-;— and -;- Figure 7.14 shows

this ROC

Therefore, the ROC is the intersec-
tion or simply the overlap of ROC of in-
dividual functions. It is annular region

Fig. 7.13. ROC of the function of
the example 7.44.

for ':-31-<|Z|<-;- looking like a disk. Ans.

Example7.45. Solve the difference equation of a causal discrete-time LTI system

which is expressed as under :
¥(n)+3y(n) = x(n)

Assume that the system is initially relaxed.
Solution : We know that the transfer function H(z) can be determined by taking

unilateral z-transform of both sides of equation (1)
y(n)+ 3 y(n - 1) = x(n) ()
Z [y(n) + 3y(n - 1)] = Z[x(n)]
or Y(2) + 32! Y(2) = X(2) ..(i)
. _The system is initially relaxed, i.e., all the initial conditions are zero for this

Using equation (i), we get

| TR A L
B H(z) X() (1+3z’1) (i)

~ This is the transfer function of the causal LTI system described by equation

ol 84
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Further, we know that (V)

Y@) = He) x(z) = 1

Now, Using partig] fraction ex

Y(z) = x
(1+3z“1) (1_2_1) = ~—-_(.I'.L___+___£'_2____
or Y(z) = -—-—Eff____ 1/4

_ (1+38z71) "("1"‘;_,“‘)' )
Taking inverse unilaterg]

Saih Z-transform of potp sides of equation (iv), we ob-

ZY()] = z-1|_3/4 1/4 o

1-271

3
or y(n) = 74‘('-3)n u(n) + :11—(1)" u(n)

y(n) = [i +— (—3)"Ju(n)

This is the required solution for given difference equation. Ans.

Example 7.45. Find the step response of a system which is expressed by
y(r) = Ay(n-1)+x(n), -1<A<1

When the initial condition is y(-1) = 1.
Solution: By taking one-sided z-transform of both sides of the given difference
equation, we get

Y2) =AY +y() | +X@) = A [z V() + 1] + X(2)
or Y(2) [1-Az" = A+ X(2) (@)
~ However, for step response, x(n) = u(n)

1 .
Then, we have X(2) =Z[u(n)]=T"7 . (20)

~ Now, substituting equation (if) in equation (i), we obtain

J 1
e Ye)[1-Az"] = A-’.l-z'1

A 1 ...(iii)
Y(‘z) A "a-zha-4h
in expﬂﬂﬁlon) we get

A B1 __B‘Z_: . (iV)
y@.=;:3;f T




1-21=0 B1=1—Az”‘ 1-A
or z=1
1 i RE
L=ars =0 e T R S U Y
A
or z1=1/A

Substituting the value of B, and B, in equation (iv), we get

T N

= + -
@) 1=Az'  1- 27l 1-Az :
we get

1 =1 +1
y(n) = A" u(n) +Zl—:—5u(n)+ a _A)A" u(n)

v ()

Taking the inverse z-transform of equation (v),

n+l
or y(n) = A" u(n) + [1 I fA ]u(n)

1 :
or y(n) = T_—A*[l - A"*2)u(n) Ans.

Example 7.46. Solve the following difference equation by using z-transform

method
x(n + 2) + 3x(n +1) + 2x(n) =0

Given that initial conditions are x(0) =0 and x(1) = 1.
Solution: Given difference equation is
x(n+2) +3x(n+1)+2x(n) =0 ()]
Taking the z-transform of both sides of the above equation, we obtain
[22X(2) ~ 22%(0) — zx(D)] + 3[2X(2) - 2(0)] + 2 [X(2)] =0
or [22X(2) - 22(0) — 2(1)] + 3 [2X(2) - 2(0)] + 2 [X(2)] =0
[22X(2) - 2] + 32X(2) + 2X(2) =0

or
i X@)[2+32+2] =2
2
X)) | gy '
o @ 22+32+2 e

I:.et us now take the inverse z-transform of above. z-transform by partial
fraction expansion method, i.e.,

X(2)= 2 . ={ A + B }
2°+3z+2 (z+1) (2+2)

Radim . 1 i
z+1 z+2 142! 1+227) o

or X2 =

or X : : (i)
2) = o A
) =142 14227 ;




x(n) = z-l[—-____l }_ =il o
ke 1421 1+ 22"1]
or n) = (- D™u(n) — (~ 2)"u(n) Ans.

; le 7.47. Determin
Examp e the reg
x(n+2)-3x(n+ )+2 :(‘:'t;s:;;t)he following system :

Assume that all the initjq) o ey
. ndit
Solution: Given system is 1tions are zero,
x(n+2)__3x(n+ 1
: 5 )+2 x(n) = 3(n) @
Taking one mdztzl ;-transform of both sides of above equation, we obtain
@ -3 zIX(z) +2X@) = 1

: or X(2) [22-3z+2] [
| or go--—1 * 1y

S 532+20 G-2E-1

T + B CAILE Th =

| gt T R S 1
. (By partial fraction expansion)
Taking inverse z-transform of both sides of equation (ii), we have

e 1 1 1 -1
x(n) = :Z‘l[ ]_Z-I[ N |z
2-2 z-1 & .1-22_1 z 1—3'_1

x(n) = @)"-1-()»-!
f or x(n) ==1-(@)"-!  Ans.

Example 7.48. Determine the z-transform of the following discrete-time signals.
Also find the ROC for each of the following cases:

n n
) x(u)=3"u(n)+3(%] w@) @) xm=3(- 1 um-2@" u-n-1

Solution: (i) Given signal is

x(n) = 2" u(n) + 3(%) u(n)
We know that Two-sided (bilateral) z-transform of x(n) is defined as

X(@2) = Zx(m)] = ix(n) et s i {Z"u(n)+3(%]u u(n)] 2"

n=—eo

= i 2"!&(”)2-”1-3 i (}2-] u(n) z™

n=—
1, for nZOH

o (1) -n | Since u(n)={.
v = S 2°(1)z"+3 ["'] 1)z [ 0, for n<0
= E 2 “2_'3 -

M
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s
X
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or X(z) = 32( _é_) P 2(3
Ytzn

X@ =3 %[ 1
or 2 320( - ) i Z(azﬁl)n

=] """“'.l

= i
ng[ 2 ) h22(3z“1)-n

or X(2) =3 1 -1)71
o
B e

=
I
(=)

3

= 2/ -1
ey e e iy
1+‘—‘Zl 1____________' 1+l —~1 32—1_1
3271 22
or By=— i 3
1+ Ezhl 1-3z71 (V)
I-part I-part
2(1—-32‘1)4-2[14.12*1]
or ) =—— _\ 2" ) 45271
. _ (1+—1—;z‘1 (1-38271 ” 1 -1 -1
r- 5 1p=2 la-arh)
l.
; Now, ROC of I-part : 1+lz“1 <0 or _1_2_1 <1
} 2 2
I
£ or z"l|< 2 or z|>‘2" (V)
Iso, ROC of II-part : ,1_32-1|> 0 or [32‘1|>1 or z|<3 (i)

ore, ROC of X(z) ROC: {|z|> } {|zl<3}--—<|z|<3 Ans,

le 7.49. Two discrete-time signals are given as under :

n) '(-}).u(n) and xy(n) = (-;] u(n)

b . ¢ d x,(n) is given by
s and a:(n) = x,(n) @ x,(n)

: erty of z-transform.
we::mt;g i:f:n;gm of X(z) by using partial fraction

‘ = x,(n) ® x,(n)
#a} ;12‘ cransform, we know

) L X = X&) %@



Tl Vg B, Ml T el

s, S

or X(Z) = XI(Z) X2(Z) ) ) ‘(L}
P - —,ROC:|2|>=

where X, = Z[x,(mW] = Z[(E) u(n)} S i 3° i)
1Y LA ST, R

aaid X,(2) = Zlx,(m)] = Z[(g) “("‘)] " I -1 i 5 (i)

1——==
5

Substituting equations (i7) and (i) in equation (i), we obtain
X = X,(2) X,(2)

1 1 1 1:

= o =iy
I T _l*l[._.l_ 1}
2o J(-32 ] (1 57 (-5
1
ROC:{|z|>%}m{IzI>%}= 2I>§

(ii) Using equation (iv), we have

X(2) - A Ay

= = D e
or z 1 1 (z—l] [z—}]
Z—-é‘ 2-"—5 3 5
(using partial fraction expansion

aley " 612 & -3/2 _ 5/2z b 3/2z

R = = e

3 5 3 5]

X)) 5/2 3/2

NERIEE
3 5
Note that since both the poles are surrounded by ROC, therefore, they g
only positive time sequence terms.

Now, taking inverse z-transform of both sides of equation (iii), we have

|
2 A e /2 812
x(n) =271 [(X(@2)) = 2 ( » _1) (1__1_2_1)
42" 8 5
By 3(1Y)
or x(n) E(_{’:J u(n)—-é-(—s-) u(n) Ans.

Example 7.50. Find the z-transform of the following sequence :

. n<0
x(n) ={(1/2)", n=0,2,4
(1/3)", n=138,5




x(n) = (2: / -
2)" n=0,9 4
(1/3yn n=135 "m
We know that z-transform of x(n) |
| 18 given by
X2 = Z[x(n)] = Zx(n)z"‘ T

nN=— (nn 0 2 o 3
P an (n-odd)
X(2) = -m 2q -1
or (2 = 22 - Y 2[ ] 220 Z[ ) ~(2q+1)
q=0
where m=—p p=0 and o i Bt
2 g = 9

Thus, we have
X(2) = XI(Z) i 2 Xg(z) + X3(3)

z/2 z* 2/3

or X(2) = : + v +
_z2 g 1 1
[1 2) ("’ 4] (22‘5)

Now, ROC for X (2): |z| <2

()

ROC for X,(2) : |z| >—;—
1
ROC for X,(2) : |z| >3

1
Therefore, ROC for X(2) : {|z|<2}n {|z| > %} A {|z|> 3}

= -;—< |z|]<2 Ans.
nvolution x(n) of the following two signals

m 7.51. Determine the co

= {4,-2, 1}
x,(n) = A

1, 0<nsh
:"“) . { 0, elsewhere

X,@ = 25 = 2‘1 e




