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Preface

This noteis a shortintroductionto Binary DecisionDiagrams. It providessomebackground
knowledgeanddescribeghe core algorithms. More detailscanbe foundin Bryant’s original
paperon ReducedOrderedBinary DecisionDiagrams[Bry86] andthe surwey paper[Bry92].
A recentextensioncalledBooleanExpressiorDiagramss describedn [AH97].

This noteis a revision of an earlierversionfrom fall 1996 (basedon versionsfrom 1995
and1994). Themajordifferencesareasfollows: Firstly, ROBDDsarenow viewedasnodesof
oneglobal graphwith onefixed orderingto reflectstate-of-the-arof efficient BDD packages.
Thealgorithmshave beenchangedandsimplified)to reflectthis fact. Secondlya proof of the
canonicitylemmahasbeenadded. Thirdly, the sectionspresentinghe algorithmshave been
completelyrestructuredFinally, the projectproposahasbeenrevised.
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1 BooleanExpressions

The classicalcalculusfor dealingwith truth valuesconsistsof Booleanvariablesz, y, ..., the
constantdrue 1 andfalse(0, the operatorsof conjunctionA, disjunctionv, negation —, impli-
cation=-, andbi-implication < which togetherform the BooleanexpressionsSometimeghe
variablesarecalledpropositionalvariablesor propositionallettersandthe Booleanexpressions
arethenknown asPropositionalLogic.

Formally, Booleanexpressionsregeneratedrom thefollowing grammar:

to=a|0|1|~t|tAt|tVE|t=t|tet,

wherex rangesover a setof Booleanvariables.This is calledthe abstract syntaxof Boolean
expressions.The concretesyntaxincludesparentheses solve ambiguities. Moreover, asa
commoncorventionit is assumedhat the operatorshind accordingto their relative priority.
Theprioritiesare,with the highesffirst: -, A, V, <, =. Hence for example

21 Axo Vag = x4 = (((mx1) Axo) VI3) = 24.

A Booleanexpressiorwith variablesz, . . ., z, denotedor eachassignmenof truth valuesto
thevariabledtself atruth valueaccordingo thestandardruthtables seefigure 1. Truth assign-
mentsarewrittenassequencesf assignmentsf valuesto variablesge.g.,[0/x1, 1/22,0/x3,1/24]
which assignd) to z; andzxs, 1 to x5 andx,. With this particulartruth assignmenthe above
expressiorhasvaluel, whereag0/x1, 1/x9,0/x3,0/x4] yieldsO.

= A0 1T VIO 1] |=|0 1|01
0]1 0/0 0]|0]0 1 011 1 01 0
110 110 1 111 1 01 1101

Figurel: Truthtables.

The setof truth valuesis oftendenotedB = {0,1}. If we fix anorderingof the variables
of a Booleanexpressiont we canview ¢ asdefininga function from B" to B wheren is the
numberof variables. Notice, that the particularorderingchosenfor the variablesis essential
for what functionis defined. Considerfor examplethe expressionz = y. If we choosethe
orderingz < y thenthisis thefunction f(z,y) = = = y, trueif thefirstagumentimpliesthe
secondput if we chooseheorderingy < x thenit is thefunction f(y, z) = x = y, trueif the
secondargumentimpliesthefirst. Whenwe later considercompactrepresentationsf Boolean
expressionssuchvariableorderingsplay a crucialrole.

Two Booleanexpressions andt’ aresaidto beequalif they yield thesameruth valuefor all
truthassignmentsA Booleanexpressions atautologyif it yieldstruefor all truthassignments;
it is satisfiablef it yieldstruefor atleastonetruth assignment.

Exercisel.1 Shav how all operatorsanbeencodedisingonly — andv. Usethisto arguethat
ary Booleanexpressiorcanbewritten usingonly Vv, A, variablesand— appliedto variables.

Exercisel.2 Arguethatt andt areequalif andonly if ¢ < ¢’ is atautology Is it possibleto
saywhethert is satisfiablefrom thefactthat—t¢ is atautology?
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2 Normal Forms

A Booleanexpressionis in DisjunctiveNormal Form (DNF) if it consistsof a disjunctionof
conjunctionsof variablesandnegationsof variablesj.e., if it is of theform

(BT ALy A At )V V(A A At (1)
whereeacht! is eitheravariablez! or anegationof avariable—z?. An exampleis
(@ A=y) Vv (mz Ay)

whichis awell-known functionof x andy (whichone?).A moresuccinctpresentatiomf (1) is
to write it usingindexedversionsof A andV:

kj

\//\t»"

=1

Similarly, a ConjunctiveNormal Form (CNF) is anexpressiorthatcanbewritten as

l
7j=1 \z

k;

t]
1
whereeacht{ is eitheravariableor a negatedvariable.lt is notdifficult to prove thefollowing
proposition:

Proposition 1 AnyBooleanexpressionis equalto an expressionin CNF and an expressionin
DNF

In general,it is hardto determinewhethera Booleanexpressionis satisfiable. This is made
preciseby afamoustheoremdueto Cook[Coo071]:

Theorem 1 (Cook) Satisfiabilityof Booleanexpressionsgs NP-complete

(For readersunfamiliar with the notionof NP-completeneghefollowing shortsummaryof the
pragmaticconsequencesuffices. Problemshat are NP-completecanbe solved by algorithms
thatrun in exponentialtime. No polynomialtime algorithmsareknown to exist for ary of the
NP-completeproblemsandit is very unlikely that polynomialtime algorithmsshouldindeed
exist althoughnobodyhasyet beenableto prove their non-&istence.)

Cook’s theoremeven holdswhenrestrictedto expressionsn CNF. For DNFs satisfiability
is decidablein polynomialtime but for DNFs the tautologycheckis hard (co-NP complete).
Although satisfiability is easyfor DNFs and tautology check easyfor CNFs, this doesnot
helpussincethe conversionbetweenCNFsandDNFsis exponentialasthe following example
shaws.

Considerthefollowing CNF overthevariablesty, ... 2, 1, ... 27

(xg V) A@s VI A---A(2h Val).
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The correspondindNF is a disjunctionwhich hasa disjunctfor eachof the n-digit binary
numbersrom 000 ...000 to 111...111 — the'th digit representing choiceof eitherz} (for
0) or z% (for 1):

(g ANZEA-AfTPATE) Vv

(g ATEA- - AZf P ATV

(A2 A AT ATD)

(AN AP ALY
Whereaghe original expressionhassize proportionalto n the DNF hassize proportionalto
n2".

The next sectionintroducesa normalform that hasmore desirablepropertiesthan DNFs

and CNFs. In particular thereare efficient algorithmsfor determiningthe satisfiability and
tautologyquestions.

Exercise2.1 Describea polynomialtime algorithmfor determiningwhethera DNF is satisfi-
able.

Exercise2.2 Describeapolynomialtime algorithmfor determiningwhethera CNF is a tautol-
0gy.

Exercise2.3 Give aproof of propositionl.

Exercise2.4 Explainhow Cook'stheoremmpliesthatcheckingn-equivalencebetweerBoolean
expressionss NP-hard.

Exercise2.5 Explainhow the questionof tautologyandsatisfiabilitycanbe decidedif we are
givenanalgorithmfor checkingequivalencebetweerBooleanexpressions.

3 Binary DecisionDiagrams
Letz — 1, y1 betheif-then-elseoperatordefinedby

=Y, = (AY)V(zAp)

hence,t — ty,t, is trueif t andt, aretrue or if ¢ is falseandt, is true. We call ¢ the test
expression All operatorscaneasilybe expressedisingonly the if-then-elseoperatorandthe
constant$) and1. Moreover, thiscanbe donein suchaway thatall testsareperformedonly on
(un-neyated)variablesandvariablesoccurin no otherplaces.Hencetheoperatomgivesriseto a
new kind of normalform. Forexample,—~z is(z — 0,1) ,z < yisz — (y — 1,0),(y — 0,1).
Sincevariablesmustonly occurin teststhe Booleanexpressione is representedsz — 1,0.

An If-then-elseNormal Form (INF) is a Booleanexpressiorbuilt entirely from the
if-then-elseoperatorandthe constant® and1 suchthatall testsareperformedonly
onvariables.
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If we by t[0/z] denotethe Booleanexpressiorobtainedby replacingz with 0 in ¢ thenit is
not hardto seethatthefollowing equivalenceholds:
t = x—t[1/x],t[0/x]. (2)

This is known asthe Shannonexpansionof ¢ with respectto x. This simple equationhasa
lot of usefulapplications.Thefirst is to generatean INF from ary expressiort. If ¢ contains
no variablesit is eitherequivalentto 0 or 1 whichis anINF. Otherwisewe form the Shannon
expansionof ¢ with respectto one of the variablesz in t. Thussincet[0/x] andt[1/x] both
containonelessvariablethant, we canrecursvely find INFsfor bothof these call themt, and
t;. An INF for ¢ is now simply

T — 11, to-

We have proved:
Proposition2 AnyBooleanexpressionis equivalento an expressionin INF.

Example 1 ConsidetheBooleanexpression = (z; < y1) A (22 < y»). If wefind anINF of
t by selectingn orderthevariablesz, y1, x2, y» Onwhich to performShannorexpansionsye
gettheexpressions
t = a1 = t,t
to = y1—0,t00
t1 = y1— 11,0
too = T2 — too1, Looo
11 = T2 = ti11, 110
tooo = y2—0,1
loor = y2— 1,0
tiio = y2—0,1
tiin = y2— 1,0
Figure2 shavstheexpressiomasatree.Suchatreeis alsocalleda decisiontree [J
A lot of the expressionsare easilyseento be identical,soit is temptingto identify them. For
example,insteadof ¢, we canusetyy, andinsteadof ¢;;; we canusetyy;. If we substitute
tooo for t119 in theright-handsideof t;; andalsotgg; for 111, we in factseethatty, andt,; are
identical,andin ¢; we canreplacet;; with tg,.

If we in factidentify all equalsubexpressionsve endup with whatis known asa binary
decisiondiagram (a BDD). It is no longera treeof Booleanexpressionsut a directedacyclic
graph(DAG).

Applying thisideaof sharing;t cannow bewritten as:

t = x1 —11,%

to = y1—0,t00

1 = y1 — 1o, 0
too = T2 — %oo1, tooo
looo = y2—0,1
toor = y2— 1,0
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Figure2: A decisiontreefor (z; < 1) A (22 < y2). Dashedinesdenotelow-branchessolid
lineshigh-branches.

Each subepressioncan be viewed as the node of a graph. Sucha nodeis eitherterminal

in the caseof the constant®) and 1, or non-terminal A non-terminalnodehasa low-edge
correspondingo the else-partand a high-edgecorrespondingo the then-part. Seefigure 3.

Notice,thatthenumberof nodeshasdecreaseffom 9 in thedecisiontreeto 6 in theBDD. It is

not hardto imaginethatif eachof theterminalnodeswereotherbig decisiontreesthe saszings
would be dramatic. Sincewe have chosento consistentlyselectvariablesin the sameorder
in the recursve calls during the constructionof the INF of ¢, the variablesoccurin the same
orderingson all pathsfrom theroot of the BDD. In this situationthe binarydecisiondiagramis

saidto beordered (anOBDD). Figure3 shovs a BDD thatis alsoanOBDD.

Figure4 shows four OBDDs. Someof thetests(e.g.,0n z, in b) areredundantsinceboth
the low- andhigh-brancHeadto the samenode. Suchunnecessartestscanbe removed: ary
referencdo theredundanhodeis simply replacedy areferenceo its subnodelf all identical
nodesare sharedandall redundantestsare eliminated,the OBDD is saidto be reduced(an
ROBDD). ROBDDs have somevery corvenientpropertiescenteredaroundthe canonicitylem-
mabelov. (OftenwhenpeoplespeakaboutBDDs they really meanROBDDs.) To summarize:
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Figure3: A BDD for (z1 < y1) A (22 < y9) With orderingz; < y; < 25 < y2. Low-edgesare
dravn asdottedlinesandhigh-edgesssolidlines.

a b C d

Figure4: Four OBDDs: a) An OBDD for 1. b) AnotherOBDD for 1 with two redundantests.
c) Sameasb with one of the redundantestsremoved. d) An OBDD for z; V z3 with one
redundantest.
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Y T <Yy
7 <z

Figure5: The orderingandreducednessonditionsof ROBDDs. Left: Variablesmustbe or-
dered Middle: Nodesmustbeunique Right: Only non-redundantestsshouldbe present.

A Binary DecisionDiagram(BDD) is arooted,directedagyclic graphwith

e oneor two terminalnodesof out-degreezerolabeled0 or 1, and

e asetof variablenodesu of out-deggreetwo. Thetwo outgoingedgesare
givenby two functionslow (u) andhigh(u). (In picturestheseareshavn
asdottedandsolid lines, respectiely.) A variablevar(u) is associated
with eachvariablenode.

A BDD is Ordered (OBDD) if onall pathsthroughthe graphthe variablesrespect
agivenlinearorderz; < z, < --- < z,. An (O)BDD is ReducedR(O)BDD) if

e (uniquenes$ notwo distinctnodes: andv have thesamevariablename
andlow- andhigh-successor.e.,

var(u) = var(v), low(u) = low(v), high(u) = high(v) impliesu = v,

and
¢ (non-redundant test9 no variablenodewu hasidenticallow- andhigh-
successoi.e.,

low(u) # high(u) .

Theorderingandreducednessonditionsareshavn in figure5.

ROBDDshave somenterestingproperties.They provide compactepresentationsf Boolean
expressionsandthereareefficient algorithmsfor performingall kinds of logical operationon
ROBDDs. They areall basedon the crucial factthat for any function f : B" — B thereis
exactlyoneROBDD representingt. This meansjn particular thatthereis exactlyoneROBDD
for the constantrue (andconstanfalse)functionon B": theterminalnodel (and0 in caseof
false). Hence,it is possibleto testin constanttime whetheran ROBDD is constantlytrue or
false (Recallthatfor Booleanexpressionghis problemis NP-complete.)

To malke this claim more precisewe mustsaywhatwe meanfor an ROBDD to represent
a function. First, it is quite easyto seehow the nodesu of an ROBDD inductively defines
Booleanexpressiong®: A terminalnodeis a Booleanconstant.A non-terminalnodemarked
with z is an if-then-elseexpressionwherethe conditionis = andthe two branchesare the
Booleanexpressiongjivenby thelow- or high-son respectiely:

" =0
tt =1
t* = war(u) — thish(w) ¢owt) —if 4 js avariablenode.
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Moreover, if x; < z9 < --- < z,, isthevariableorderingof theROBDD, we associatevith each
nodeu thefunction f* thatmaps(by, bs, . . ., b,) € B" tothetruthvalueof t“[b; /x1, by /2, . . ., by /xy].
We cannow statethe key lemma:

Lemma 1 (Canonicity lemma)
For anyfunctionf : B" — B thereis exactlyoneROBDD u with variableorderingz; < z, <
- <z, Sudthat f* = f(zy,...,z,).

Proof: Theproofis by inductiononthenumberof agumentf f. Forn = 0 thereareonly two
Booleanfunctions,the constantlyfalseandconstantiytrue functions.Any ROBDD containing
atleastonenon-terminahodeis non-constant(Why?) Thereforethereis exactly oneROBDD
for eachof these:theterminals0 and1.

Assumenow thatwe have proventhelemmafor all functionsof n» aguments.We proceed
to shaw it for all functionsof n + 1 aguments.Let f : B"*! — B beary Booleanfunction of
n+ 1 aguments Definethetwo functionsf, and f; of n agumentdy fixing thefirst agument
of f to 0 respectiely 1:

fb(.’EQ, ceey $n+1) = f(b, T2y, xn—H) forb € B.

(Sometimesf, and f; arecalledthe neggative andpositiveco-factos of f with respecto z;.)
Thesefunctionssatisfythe following equation:

(@1, 20) = 21— fi(®2,. ., %), fo(2, - - - Tn) - 3)

Since f, and f; take only n agumentswve assumeby inductionthatthereareunigueROBDD
nodesuy andu, with f* = f, and f** = f;.

Therearetwo casedo consider If ug = u; thenf“ = f*r andf, = f% = f“ = f, = f.
Henceu, = u; isanROBDD for f. It is alsotheonly ROBDD for f sincedueto theordering,
if z, is atall presenin theROBDD rootedatu, z; would needto betherootnode.However, if
f = fethenfy = fo[0/z1] = fr®™ andf, = f[1/z)] = f4"®). Sincef, = fvo = f* =
f1 by assumptionthe low- andhigh-sonof u would be the same makingthe ROBDD violate
thereducednessonditionof non-redundantests.

If ug # uy then f*o #£ f* by theinductionhypothesigusingthe namesz,, . .., z, 1 in
placeof x4, ..., z,). Wetake u to bethenodewith var(u) = z1, low(u) = ug, andhigh(u) =
uy, .e., f* = x; — f*1, f% whichis reduced By assumptiory“t = f; andf*“ = f, therefore
using(3) we get f* = f. Supposedhatv is someothernodewith f¥ = f. Clearly, f¥ must
dependon z1, i.e., f*[0/z1] # f¥[1/x1] (otherwisealso fo = f*[0/x1] = f*[1/z1] = f1, a
contradiction). Due to the orderingthis meansthat var(v) = x; = var(u). Moreover, from
fU = f it followsthat fov®) = f; = fu and f¥") = f, = f» which by theinduction
hypothesismplies that low(v) = uy = low(u) and high(v) = u; = high(u). Fromthe
reducednesgropertyof uniqueness followsthatu = v. O
An immediateconsequences thefollowing. Sincetheterminall is anROBDD for all variable
orderingst is theonly ROBDD thatis constanthftrue. Soin orderto checkwhetheranROBDD
is constantlytrueit sufficesto checkwhetherit is theterminall whichis definitely a constant
time operation.Similarly, ROBDDsthatareconstantlyfalsemustbeidenticalto theterminal0.
In fact, to determinewhethertwo Booleanfunctionsarethe same,t sufficesto constructheir
ROBDDs (in thesamegraph)andcheckwhethertheresultingnodesarethe same!
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The orderingof variableschosenwvhenconstructingan ROBDD hasa greatimpacton the
sizeof theROBDD. If we consideragainthe expressionz; < y;) A (z2 < 1) andconstruct
anROBDD usingtheorderingz; < zo2 < y1 < y» the ROBDD consistsof 9 nodes(figure 6)
andnot 6 nodesasfor theorderingz; < y; < x9 < yo (figure3).

U1

Figure6: TheROBDD for (z; < y1) A (22 < y2) with variableorderingz; < zo < y1 < yo.

Exercise3.1 Shav how to expressall operatorgrom theif-then-elseoperatomandtheconstants
0 andl.

Exercise3.2 Draw the ROBDDsfor (21 < y1) A (22 < y2) A (23 < y3) with orderings
T <To<w3 <y <y <ysandzr; < y; < xg < yYp < x3 < ¥3.

Exercise3.3 Draw theROBDDsfor (z1 < y1) V (22 < y9) With orderingse; < zs < y; < 2

andz; < y; < x9 < y2. How doesit comparewith theexamplein figures3 and6? Basedonthe
examplesyou have seenso far, whatvariableorderingwould you recommendor constructing
asmallROBDD for (z1 < y1) A (22 & y2) A (23 S y3) A -+ A (T & Yk)?

Exercise3.4 Give anexampleof a sequencef ROBDDsu,,,0 < n which inducesexponen-
tially biggerdecisiontrees. l.e., if u,, hassize ©(n) thenthe decisiontree shouldhave size

o (2.

Exercise3.5 Constructan ROBDD of maximumsizeover six variables.
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Figure7: Representingn ROBDD with orderingz; < zo < z3 < x4. Thenumberdnsidethe
verticesarethe identitiesusedin the representationThe numbers) and1 arereseredfor the
terminalnodes.Thenumbergo theright of the ROBDD shaws theindex of thevariablesn the
ordering.The constantareassignednindex which is the numberof variablesin the ordering
plusone(here4 + 1 = 5). Thismakessomesubsequeralgorithmseasierto present.Thelow-
andhigh-fieldsareunusedor theterminalnodes.

4 Constructing and Manipulating ROBDDs

In the previous sectionwe sav how to constructan OBDD from a Booleanexpressionby a
simplerecursve procedure.The questionarisesnow how do we constructa reducedOBDD?
Onewayistofirst construceenOBDD andthenproceedy reducingt. Anothermoreappealing
approachwhichwe follow here,is to reducethe OBDD duringconstruction.

To describehow this is donewe will needan explicit representatioof ROBDDs. Nodes
will berepresente@snumbers), 1,2, ... with 0 and1 resered for the terminalnodes. The
variablesin the orderingz; < z, < --- < z, arerepresentedby their indices1,2,...,n.
The ROBDD is storedin atableT : u +— (3,1, h) which mapsa nodew to its threeattributes
var(u) = i, low(u) = [, andhigh(u) = h. Figure7 shaws therepresentationf the ROBDD
from figure 3 (with the variablenameschangedo z; < zo < 3 < x4).

4.1 MK

In orderto ensurghatthe OBDD beingconstructeds reducedit is necessaryo determingrom
atriple (i, 1, h) whetherthereexistsa nodewu with var(u) = i, low(u) = [, andhigh(u) = h.
For this purposenve assumehe presencef atable H : (i,1, h) — u mappingtriples (i, I, h) of
variableindicesi, andnoded, h to nodesu. ThetableH isthe“inverse”of thetableT, i.e.,for
variablenodesu, T'(u) = (i,1, h), if andonly if, H(i,l,h) = u. The operationsieededn the
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MKI[T, H](i, 1, h)

if | = hthenreturn|

elseif membefH, 7,1, h) then
return lookup( H, 3,1, h)

else u + addT, 4,1, h)
insert(H, 1,1, h,u)
return u

Figure8: ThefunctionmMk ([T, H|(i, 1, h).

two tablesare:
T:uw— (i,0,h)
init(7) initialize 7" to containonly 0 and1
u < addT,i,l,h) allocatea new nodeu with attributes(s, , h)

var(u), low(u), high(u) lookuptheattributesof u in T’

H:(i,l,h) »u
init(H) initialize H to beempty
b < membetH,i,l,h) checkif (i,l,h)isin H
u < lookup H,4,l,h)  find H(i,1,h)
insert(H,i,l, h,u) make (z,[, h) maptou in H

We shallassumehatall theseoperationsanbe performedin constanttime, O(1). Section5
will shav how suchalow compleity canbeachiesed.

ThefunctionMK|[T, H](3,1, h) (seefigure 8) searcheshetable H for a nodewith variable
index ¢ andlow-, high-branches, h andreturnsa matchingnodeif one exists. Otherwiseit
createsa new nodeuw, insertsit into H andreturnsthe identity of it. The runningtime of MK
is O(1) dueto the assumption®n the basicoperationon 7 and H. The OBDD is ensuredo
bereducedf nodesareonly createdhroughthe useof MK. In describingvk andsubsequent
algorithms we male useof the notation[T’, H] to indicatethatMk depend®n the globaldata
structured” andH, but we leave outtheargumentsvheninvoking it aspartof otheralgorithms.

4.2 BUILD

The constructionof an ROBDD from a given Booleanexpressiont proceedsasin the con-

struction of an if-then-elsenormal form (INF) in section2. An orderingof the variables
x < -+ < z, is fixed. Using the Shannorexpansiont = xz; — t[1/z],¢[0/x1], a nodefor

t is constructedy a call to MK, afterthe nodesfor ¢[0/x;] andt[1/z,] have beenconstructed
by recursion.Thealgorithmis shovn in figure 9. Thecall BUILD’ (¢,7) constructan ROBDD

for a Booleanexpressiont with variablesin {z;, z;1,...,z,}. It doessoby first recursvely

constructingROBDDs v, andw, for ¢[0/z;] andt[1/x;] in lines4 and5, andthenproceeding
to find the identity of the nodefor ¢ in line 6. Noticethatif v, andv, areidentical,or if there
alreadyis a nodewith thesamei, vy andwv;, nonew nodeis created.
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BuILD[T, H|(t)

1: function BUILD’ (t,4) =

2 if 2 > n then

3 if ¢ is falsethenreturn O elsereturn 1
4 elsevy < BUILD' (¢[0/x;],7 + 1)

5: vy = BUILD' (t[1/z;],i + 1)

6: return MK (i, vg, v1)

7: endBUILD’

8

9: return BUILD' (¢, 1)

Figure9: Algorithm for buildinganROBDD from a Booleanexpressiort usingthe
orderingz; < z < --- < x,. Inacall BUILD’ (¢, 1), ¢ is thelowestindex thatary

variableof ¢t canhave. Thuswhenthetest: > n succeeds; containsno variables
andmustbe eitherconstantlyfalseor true.

An exampleof usingBUILD to computean ROBDD is shawn in figure 10. The running
time of BUILD is bad. It is easyto seethatfor a variableorderingwith » variablestherewill
alwaysbegeneratean theorderof 2™ calls.

4.3 APPLY

All the binary Booleanoperatorson ROBDDs areimplementedyy the samegeneralalgorithm
APPLY (op, u1, u3) that for two ROBDDs computesthe ROBDD for the Booleanexpression
t“ op t*2. Theconstructiorof APPLY is basedonthe Shannorexpansion(2):

t =z —t[1/x],t[0/x].
Obsenethatfor all Booleanoperatorp thefollowing holds:
(x = ty,t0) op (x — t),15) = © —tyopty, ta op ts 4)

If we startfrom the root of the two ROBDDs we canconstructthe ROBDD of the resultby
recursvely constructinghe low- andthe high-brancheandthenform the new root from these.
Again,to ensurdahattheresultis reducedyve createhenodethroughacall to MK. Moreover, to
avoid anexponentialblow-up of recursve calls,dynamicprogrammingis used.The algorithm
is shavnin figure11.

Dynamicprogrammings implementedisingatableof resultsG. Eachentry (i, ) is either
emptyor containgheearliercomputedesultof APP(i, j). Thealgorithmdistinguishedetween
four differentcasesthefirst of themhandlegshe situationwhereboth agumentsareterminal
nodestheremainingthreehandlethe situationswhereatleastonearguments a variablenode.

If bothu; anduy areterminal,a new terminal nodeis computedhaving the value of op
appliedto the two truth values. (Recall, that terminalnode0 is representedy a nodewith
identity 0 andsimilarly for 1.)
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BUILD' ((z1 < z2) V z3,1)

d__— T f

((0 & z2) Vz3,2) (1 & z2) V z3,2)
b C e e
((0 & 0) v z3,3) ((0 & 1) v z3,3) (1 & 0)V z3,3) (1 & 1)V as,3)
((0 & 0) v 0,4) ((0 & 1) v 0,4) (1 0)V0,4) (1 1)Vvo0,4)
((0 = 0)vi,a) ((0&1)Vvi,4) (1e0)vi,4) (1<e1)vi,4)
a

s
s

@

N
b

\

0

Figure10: UsingBUILD ontheexpressionz; < z3) V 3. (&) Thetreeof callsto BUILD. (b)
TheROBDD afterthecall BUILD’ ((0 < 0) V z3, 3). (c) After thecallBuILD’ ((0 < 1)V z3, 3).
(d) After thecall BUILD' ((0 < x2) V x3,2). () After thecallsBuILD’ ((1 < 0) V z3,3) and
BUILD'((1 & 1) V z3, 3). (f) After thecall BUILD' ((1 < z5) V x3,2). (g) Thefinal result.
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APPLY[T, H|(op, u1, us)
init(G)

function APP(u, us) =
if G(uy,uy) # emptythen return G(uy, us)
elseif u; € {0,1} and uy € {0,1} then u < op(uy, us)
else if var(u;) = var(us) then
u < MK (var(uy), APP(low(uy), low(us)), APP(high(uy), high(us)))
else if var(u;) < var(uy) then
u < MK (var(uy), APP(low(uy), ug), APP(high(u), us))
10: else (x var(u;) > var(us) *)
11: U <— MK(var(usg), APP(u1, low(us)), APP(uy, high(us)))
12: G(ul,ug) <— u
13: returnu
14:end APP
15:
16:return APP(uq, us)

©CoNdTRWN R

Figurel1l: ThealgorithmAppLY [T, H](op, u1, us).

If atleastoneof u; andu, arenon-terminalwe proceedaccordingto the variableindex. If
thenodeshave the sameindex, thetwo low-branchesrepairedandApPp recursvely computed
onthem. Similarly for the high-branchesThis correspondgxactly to the caseshavn in equa-
tion (4). If they have differentindices,we proceedoy pairingthe nodewith lowestindex with
thelow- andhigh-branchesf the other This correspond$o the equation

(-Ti — tl,tg) opt = =z; = t1 0pt,iy OpPL (5)

which holdsfor all t. Sincewe have takentheindex of the terminalsto be onelargerthanthe
index of thenon-terminalsthelasttwo casespar(u;) < var(ug) andvar(u,) > var(us), take
accounbpf thesituationswhereoneof thenodess aterminal.

Figurel2 shovs anexampleof applyingthe algorithmon two smallROBDDs. Notice how
pairsof nodesfrom thetwo ROBDDsarecombinedandcomputed.

To analyzethe compleity of APPLY we let |u| denotethe numberof nodesthat canbe
reachedrom u in the ROBDD. Assumethat G canbe implementedvith constantookup and
insertiontimes. (Seesections for detailson how to achieve this.) Dueto thedynamicprogram-
ming at most|u, | |us| callsto APPLY aregenerated Eachcall takesconstantime. The total
runningtime is thereforeO (|u,| |us|).

4.4 RESTRICT

The next operationwe consideris the restriction of a ROBDD «. Thatis, given a truth as-
signment,for example[0/z3,1/x5, 1/x¢], we wantto computethe ROBDD for ¢* underthis
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Figure 12: An exampleof applyingthe algorithm ApPLY for computingthe conjunctionof
the two ROBDDs shavn at the top left. The resultis shavn to the right. Below the tree of
argumentsto the recursve calls of App. Dashednhodesindicatethatthe value of the nodehas
previously beencomputedandis notrecomputediueto the useof dynamicprogramming.The
solid ellipsesshaw callsthatfinishesby a call to Mk with the variableindex indicatedby the
variablego theright of thetree.
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ResSTRICT[T, H|(u, j,b) =

1: function requ) =

2: if var(u) > j then return u

3 else if var(u) < j then return MK (var(u), reglow(u)), rehigh(u)))
4: else (* var(u) = j *) if b = 0 then return reglow(u))

5 else (* var(u) = j,b = 1*) return reqhigh(u))

6: endres

7: return requ)

Figure13: ThealgorithmresTtrRICT [T, H](u, j, b) which computesanROBDD for “[; /b].

restriction,i.e., find theROBDD for ¢“[0/x3, 1/x5, 1/z6]. As anexampleconsideithe ROBDD
of figure 10(g) (repeatedelow to theleft) representinghe Booleanexpressionz; < xs) V x3.
Restrictingit with respecto thetruth assignmeni0/z] yieldsanROBDD for (—z; V z3). It is
constructedy replacingeachoccurrenceof anodewith labelz, by its left branchyielding the
ROBDD attheright:

x1

1 0 1 0

Thealgorithmagainusesvik to ensurdhattheresultingOBDD is reducedFigure1l3shaovsthe
algorithmin the casewhereonly singletontruth assignmentgb/z;|, b € {0, 1}) areallowed.
Intuitively, in computingRESTRICT (u, j, b) we searchfor all nodeswith var = j andreplace
themby their low- or high-sondependingon b. Sincethis mightforce nodesabove the point of

replacemeno becomeequaliit is followedby areduction(throughthe callsto MK). Dueto the
two recursve callsin line 3, thealgorithmhasanexponentialrunningtime, seeexercise4.7 for

animprovementthatreduceghisto lineartime.

45 SATCOUNT, ANYSAT, ALLSAT

In this sectionwe consideroperationgo examinethe setof satisfyingtruth assignmentsf a
nodewu. A truth assignmenp satisfiesa nodeuw if ¢“[p] canbe evaluatedto 1 usingthe truth
tablesof the Booleanoperators Formally, the satisfyingtruth assignmentss the setsat(u):

saf(u) = {p € Bl#von} | 4[] istrue},

whereB{#1--2} denoteghe setof all truth assignmentgor variables{z, ..., z,}, i.e., func-
tionsfrom {z1,...,z,} to thetruth valuesB = {0, 1}. Thefirst algorithm,SATCOUNT, com-
putesthe sizeof satu), seefigure 14. Thealgorithmexploits the following fact. If « is anode
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SATCOUNTIT](u)
function coun{u)

if u=0thenres« 0

elseif u = 1thenres« 1

elseres<— 2verliow(w)—var(w)=1 y counflow(u))

+ 2var(high(u))—var(u)—1 * Coun(hzgh(u))

5 return res
6: endcount
7

8: return 2= x coun{u)

Figure 14: An algorithmfor determiningthe numberof valid truth assignments.
Recall,thatthe “variableindex” var of 0 and1 in the ROBDD representatioms
n + 1 whentheorderingcontains, variablesnumbered throughn). Thismeans
thatvar(0) andvar(1) alwaysgivesn + 1.

with variableindex var(u) thentwo setsof truth assignmentsanmake f* true. Thefirst set
hasvaru equalto 0, theotherhasvaru equalto 1. For thefirst set,thenumberis foundby find-
ing the numberof truth assignmentsount{ow(u)) makinglow(u) true. All variablesbetween
var(u) andwvar(low(u)) in theorderingcanbe choserarbitrarily, thereforen the caseof varu
being0, atotal of 2var(low(w)—ver(w)=1 « coun{low(u)) satisfyingtruth assignmentsxists. To
be efficient, dynamicprogrammingshouldbe appliedin SATCOUNT (seeexercise4.10).

ANY SAT (u)

1: if v = 0then Error

2: elseif v = 1 thenreturn []

3: elseif low(u) = 0 thenreturn [z,qr) — 1, ANYSAT (high(u))]
4: elsereturn [z ey — 0, ANYSAT (low(u))]

Figure15: An algorithmfor returninga satisfyingtruth-assignmentThe variables
areassumedo bezx, ..., z, orderedn thisway.

The next algorithm ANY SAT in figure 15 finds a satisfyingtruth assignmentSomeirrele-
vantvariablegresentn theorderingmightnotappeain theresultandthey canbeassignedrny
valuewhatsoeer. ANY SAT simply findsapathleadingto 1 by a depth-firsttraversal,prefering
someavhatarbitrarily low-edgesver high-edgesilt is particularlysimpledueto the obsenation
thatif a nodeis nottheterminal O, it hasat leastonepathleadingto 1. Therunningtime is
clearlylinearin theresult.

ALLSAT in figure 16 finds all satisfyingtruth-assignmentieaving out irrelevantvariables
from the ordering. ALLSAT(u) finds all pathsfrom a nodew to theterminall. The running
time is linearin the size of the result multiplied with the time to addthe single assignments
[T yar(w) > 0] @Nd[zyer) — 1] in front of alist of upto n elementsHowever, theresultcanbe
exponentiallylargein |u/|, sotherunningtime is the poorO(2/*/n).
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ALLSAT(u)

1: if u=0thenreturn ()

2: elseif v = 1 thenreturn ([])

3: elsereturn

4. (add[z 4.y — 0] in front of all

5: truth-assignmenti®i ALL SAT (low(u)),
6: add[z yor(u) — 1] in front of all

7 truth-assignmenti®i ALL SAT (high(u)))

Figure16: An algorithmwhich returnsall satisfyingtruth-assignmentsThe vari-
ablesare assumedo be z, ...z, orderedin this way. We use(:--) to denote
sequencesf truth assignmentsin particular ( ) is the empty sequencef truth
assignmentsand( | | ) is thesequenceonsistingof the singleemptytruth assign-

ment.
MK(i,Uo,Ul) 0(1)
BuILD(t) o(27)
APPLY(Op, U]_,UQ) O(‘U1| "UQD
RESTRICT(u, 7,b) | O(|u|) Seenote
SATCOUNT (u) O(|ul) Seenote
ANY SAT (u) O(|p) p = AnySat(u), [p| = O(|ul)
ALLSAT(u) O(r|xn) | r= AllSat(u), |r| = O2™)
SIMPLIFY (d, u) O(|d||ul]) Seenote

Note: Theserunningtimesonly holdsif dynamicprogrammings used
(exercisest.7,4.10,and4.12).

Table 1: Worst-caserunning times for the ROBDD operations. The running times are the
expectedrunningtimes sincethey areall basedon a hash-tablewith expectedconstanttime
searchandinsertionoperations.

46 SIMPLIFY

Thefinal algorithmcalled SIMPLIFY is shawvn in figure 17. The algorithmis usedto simplify
an ROBDD by trying to remove nodes. The simplificationis basedon a domaind of inter-
est. The ROBDD u is supposedo be of interestonly on truth assignmentshatalsosatisfyd.
(This occurswhenusingROBDDs for formal verification Section7 shovs how to do formal
verificationwith ROBDDs, but containsno exampleof usingSIMPLIFY .)

To be precisegivend andu, SIMPLIFY findsanothelROBDD «/, typically smallerthanu,
suchthatt? A t* = t¢ A t*. It doesso by trying to identify sons,andtherebymakingsome
nodesedundantA moredetailedanalysiss left to thereader

Therunningtime of the algorithmsof the previous sectionss summarizedn tablel.
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SIMPLIFY (d, u)

1: function sim(d, u)

2 if d =0thenreturn 0

3 elseif v < 1thenreturn u

4: elseif d = 1 then

5: return MK (var(u), sim(d, low(u)), sim(d, high(u)))
6: elseif var(d) = var(u) then

7 if low(d) = 0thenreturn sim(high(d), high(u))

8 elseif high(d) = 0 thenreturn sim(low(d), low(u))

o: elsereturn MK (var(u),

10: sim(low(d), low(u)),

11: sim(high(d), high(u)))

12: elseif var(d) < var(u) then

13: return MK (var(d), sim(low(d), u), Sim high(d), u))
14: else

15: return MK (var(u), sim(d, low(u)), sim(d, high(u)))
16: endsim

17:

18: return sim(d, u)

Figurel7: An algorithm(dueto Coudertetal [CBM89] ) for simplifying anROB-
DD b thatwe only careabouton the domaind. Dynamicprogrammingshouldbe
appliedto improve efficiency (exercise4.12)
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4.7 Existential Quantification and Substitution

Whenapplying ROBDDs often existential quantificationand compositionis used. Existential
quantificationis the Booleanoperationdz.t. The meaningof an existentialquantificationof a
Booleanvariableis givenby the following equation:

dx.t = t[0/z] Vv t[1/x]. (6)

On ROBDDs existential quantificationcan thereforebe implementedusing two calls to RE-
STRICT andasinglecall to APPLY.

Compositionis theROBDD operatiorperformingthe equivalentof substitutionon Boolean
expression.Oftenthe notationt[t' /z] is usedto describethe resultof substitutingall free oc-
currencesof z in ¢ by ¢'. (An occurrenceof a variableis freeif it is not within the scopeof
a quantifier)! To performthis substitutionon ROBDDs we obsene the following equation,
which holdsif ¢ containsno quantifiers:

1 /2] = ' = 1,0/x] = ¢ — t[1/x],4]0/z]. @)

Since(t' — t[1/z],t[0/x]) = (' At[1/x]) V (=t' A t[0/x]) we cancomputethis with two
applicationsof RESTRICT andthreeapplicationsof APPLY (with the operatorsh, (=) A , V).
However, by essentiallygeneralizingaPPLY to operatorsop with threeargumentswe cando
better(seeexercise4.13).

Exercises

Exercise4.1 Constructhe ROBDD for —z; A (zo < —x3) with orderingz; < z, < x3 using
thealgorithmBuILD in figure9.

Exercise4.2 Shawv therepresentationf the ROBDD of figure6 in the style of figure 7.
Exercise4.3 SuggesanimprovementBuiLDCONJ(¢) of BuiLD whichgeneratesnly alinear
numberof calls for Booleanexpressiong that are conjunctionsof variablesand negationsof

variables.

Exercise4.4 Constructthe ROBDDs for z andz =- y using whatever orderingyou want.
Computethedisjunctionof thetwo ROBDDsusingAPPLY .

Exercise4.5 ConstructheROBDDsfor —(x; A z3) andz, A z3 usingBuUILD with theordering
x1 < X9 < x3. UseAPPLY to find theROBDD for —(z1 A z3) V (22 A x3).

Exercise4.6 Isthereary essentiatlifferencen runningtime betweerfindingRESTRICT (b, 1, 0)
andRESTRICT (b, n, 0) whenthevariableorderingis z; < x5 < - - < x,?

Exercise4.7 Usedynamicprogrammingo improve therunningtime of RESTRICT.

1SinceROBDDs containno quantifierswe shall not be concernedwith the problemsof free variablesof ¢/
beingboundby quantifiersof ¢.
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Exercise4.8 GeneraliS&RESTRICT to arbitrarytruthassignmentge;, = b;,,xi, = biy,. . ., 25, =
b;, ]. It mightbecornvenientto assumehatz;, < z;, < --- < z;,,.

Exercise4.9 Suggest substantiallybetterway of building ROBDDs for (large) Booleanex-
pressionghanBuILD.

Exercise4.10 ChangeSATCOUNT suchthat dynamicprogrammingis used. How doesthis
changeherunningtime?

Exercise4.11 Explainwhy dynamicprogrammingloesnothelpin improving therunningtime
of ALLSAT.

Exercise4.12 Improve theefficiengy of SIMPLIFY with dynamicprogramming.

Exercise4.13 Write thealgorithmCoMPOSE(u; , x, us) for computinghe ROBDD of u; [us /]

efficiently alongthe lines of APPLY. First generalizeAPPLY to operatorsop with threeargu-

ments(asfor examplethe if-then-elseoperator) utilizing onceagainthe Shannorexpansion.
Thenuseequation? to write thealgorithm.

5 Implementing the ROBDD operations

Therearemary choicesthat have to betakenin implementingthe ROBDD operations.There
is no obviousbestway of doingit. This sectiongiveshintsfor somereasonablsolutions.
First,thenodetableT is anarrayasshown in figure 7. The only problemis thatthe sizeof
thearrayis notknown until thefull BDD hasbeenconstructedEitherafixedupperboundcould
be assumedor othertricks mustbe applied(for exampledynamicarrays[CLR90, sec.18.4]).
Thetable H couldbeimplementedasa hash-tablaisingfor instancethe hashfunction

h(i,v0,v1) = pair(i, pair(v0, v1)) modm

wherepair is a pairingfunctionthatmapspairsof naturalnumbergo naturalnumbersaandm is
aprime. Onechoicefor the pairingfunctionis
_ SN

pair(i, j) = (H])(Z;j Ly
whichis abijection,andthereforeé'perfect”: it producesocollisions.As usualwith hash-tables
we have to decideon the sizeasa prime m. However, sincethe sizeof H grows dynamically
it canbe hardto find a goodchoicefor m. Onesolutionwould be to take m very large, for
examplem = 15485863 (whichis the 1000000th prime number),andthentake asthe hashing
function

R'(i,v0,v1) = h(i,v0,v1) mod2*
usingatableof size2*. Startingfrom somereasonablemallvalueof k£ we couldincreasehe
tablewhenit contains2* elementsby addingoneto &, constructa new table and rehashall
elementsnto this new table. (Again, seefor example[CLR90, sec.18.4]for details.)For such
adynamichash-tabléhe amortized expectedcostof eachoperationis still O(1).

Thetable G usedin AppLY could be implementedasa two-dimensionabkrray However,
it turnsout to be very sparselyused— especiallyif we succeedn gettingsmall ROBDDs —
andit is betterto usea hash-tablefor it. The hashingfunction usedcould be g(v0,v1) =
pair(v0,v1l) modm andasfor H adynamichash-tableouldbeused.
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6 Examplesof problem solvingwith ROBDDs

This sectionwill describevariousexamplesof problemsthatcanbe solved with an ROBDD-
package. The examplesare not chosento illustrate when ROBDDs are the bestchoice, but
simply chosento illustratethe scopeof potentialapplications.

6.1 The 8 Queensproblem

A classicalkchess-boargroblemis the 8 queengroblem Is it possibleto place8 queenson a
chessboardsothat no queencanbe capturedoy anotherqueen?To be a bit moregeneralwe
couldaskthequestiorfor arbitrary NV: Is it possibleto placeN queensafelyona N x N chess
board?

To solve the problemusingROBDDs we mustencodeit usingBooleanvariables.We do
this by introducinga variablefor eachpositionon theboard.We namethevariablesasz;;, 1 <
i,7 < N wherei istherow andj is thecolumn.A variablewill bel if aqueens placedonthe
correspondingosition.

The capturingrulesfor queengequirethat no otherqueencanbe positionedon the same
row, column,or ary of thediagonals.This we canexpressasBooleanexpressionsFor all 4, 7,

Tij = /\ Ty

1<I<N,I#]
Tij = /\ Tk
1<k<N,k#i
Tij = /\ Tk, j+k—i
1<k<N,1<j+k—i< N k#i
Tij = /\ TLk,j+i—k

1<k<N,1<j+i—k< N ki
Moreover, theremustbeaqueenn eachrow: For all 4,

xﬂVx,-gV---Vx,-N
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zy
A
Xor
co -~ |V A c
Xor
S

Figurel8: A full-adder

Takingtheconjunctionof all theabove requirementsye geta predicateSoly (%) trueatexactly
theconfigurationghataresolutionsto the N queengroblem.

Exercise6.1 (8 QueensProblem) Write aprogramthatcanfind anROBDD for Soly (%) when
given N asinput. Make a table of the numberof solutionsto the N queengroblemfor N =
1,2,3,4,5,6,7,8, ... Whenthereis asolution,give one.

6.2 Correctnessof Combinational Cir cuits

A full-adder takesasargumentstwo bits  andy andanincomingcarry bit ¢;. It producesas
outputa sumbit s andanoutgoingcarrybit ¢,. Therequirementsthat2 xc, + s = z + y + ¢;,
in otherwordsc, is themostsignificantbit of thesumof z, ¢, andc;, ands theleastsignificant
bit. Therequirementanbewritten down asatablefor ¢, andatablefor s in termsof valuesof
z,vy, andc;. Fromsuchatableit is easyto write down a DNF for ¢, ands.

At the normallevel of abstractiona combinationalcircuit is nothingelsethana Boolean
expressionlt canberepresentedsan ROBDD, usingBuILD to constructthetrivial ROBDDs
for theinputsandusingacall to AppLY for eachgate.

Exercise6.2 Find DNFsfor ¢, ands. Verify thatthe circuit in figure 18 implementsa onebit
full-adderusingthe ROBDD-packageindthe DNFs.

6.3 Equivalenceof Combinational Cir cuits

As abore we canconstructan ROBDD from a combinationakircuit andusethe ROBDDsto
shaw propertiesFor instancethe equivalencewith othercircuits.
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Exercise6.3 Verify thatthe two circuitsin figure 19 arenot equivalentusingROBDDs. Find
aninputthatreturnsdifferentoutputsin the two circuits.

7 Verification with ROBDDs

Oneof themajorusesof ROBDDsis in formal verification In formal verificationamodelof a
systemM is giventogethemwith somepropertiesP supposedo hold for the system.Thetask
is to determinewhetherindeedM satisfy P. The approachwe take, in which we shallusean
algorithmto answetrthe satisfictionproblem,is oftencalledmodelcheding.

We shalllook at a concreteexamplecalledMilner’'s Steduler(taken from Milner’s book
[Mil89]). Themodelconsistof N cyclers, connectedn aring, thatco-operatesn startingand
detectingterminationof N tasksthatarenot furtherdescribed.The schedulemustmake sure
thatthe V tasksarealwaysstartedn orderbut they areallowedto terminatein any order This
is oneof the propertieghathasto be shovn to hold for themodel. Thecyclerstry to fulfill this
by passingatoken: the holderof thetokenis the only processllowedto startits task.

All cyclersaresimilar exceptthatoneof themhasthetokenin theinitial state.Thecyclers
cyc, 1 < i < N aredescribedn a state-baseflashionas small transitionsystemsover the
Booleanvariablest;, h;, andc¢;. Thevariablet; is 1 whentask: is runningand0 whenit is
terminatedf; is 1 whencycleri hasatoken,0 otherwisey; is 1 whencycler: — 1 hasputdown
thetokenandcycleri notyet pickedit up. Hencea cycler startsataskby changing; from 0 to
1, anddetectdts terminationwhent; is againchangedackto 0; andit picks up the tokenby
changing; from 1 to 0 andputsit down by changinge; .1 from 0 to 1. Thebehaiour of cycler
i is describedy two transitions:

if =1A1t :Othenti,ci,hi =1,0,1
if hz =1 then C(imod N)+1; hz = 1,0

The meaningof a transition“if conditionthen assignmeritis that, if the conditionis true in
somestate,then the systemcan evolve to a new stateperformingthe (parallel) assignment
Hence|f thesystemis in astatewherec; is 1 andt; is 0 thenwe cansimultaneouslysett; to 1,
c;to0 andh; to 1.

Thetransitionsareencodedy a singlepredicateover the valueof the variablesbeforethe
transitions(the pre-stat¢ andthe valuesafter the transition(the post-stat¢. The variablesin
the pre-statearethe t;, h;, c;, 1 < ¢ < N which we shall collectively referto as# andin the
post-state;, h;, c;,1 < i < N, whichwe shallreferto asz’. Eachtransitionis anatomicaction
thatexcludesary otheraction. Thereforein the encodingwe shall often have to saythata lot
of variablesareunchanged Assumethat S is a subsetf the unprimedvariablesz. We shall
usea predicateunchangeds over Z, ' which ensureghatall variablesin S areunchangedit is
definedasfollows:

unchanged, = /\ =21
€S
It is slightly more corvenientto usethe predicateassigned, = undanged; ¢ Which express
thateveryvariablenotin S’ is unchangedWe cannow defineP;, thetransitionsof cycleri over
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Figure19: Two circuitsusedin exercise6.3




[/ VERIFICATIUN WITH RUbDDS

C1 C2
C4 Cc3

Figure20: Milner's Schedulexvith 4 cyclers. Thetokenis passedlockwisefrom ¢; to ¢, t0 ¢3
to ¢, andbackto ¢;

thevariablest, 2’ asfollows:

P = (ci A=ty At A =ci A by A aSSignegcz',ti,hi})
\% (hl N C,(’i mod N )+1 A _‘hfb A aSSIQnegC(i modN)+1ahi})

Thesignallingof terminationof task:, by changing; from 1 to 0 performedby theernvironment
is modeledby N transitionsE;, 1 < ¢ < N:

E; =4 ti A t; A assigneg, ;,

expressinghetransitiondf ¢; = 1 thent; := 0. Now, atary givenstatethe systemcanperform
oneof thetransitionsfrom oneof the P;’s or the E;’s, i.e., all possibletransitionsaregivenby
thepredicater

T = PAV---VP,VEV---VE,.

In theinitial statewe assumehat all tasksare stoppedno cycler hasa tokenandonly place
1 (¢1) hasa token. Hencethe initial statecan be characterizedy the predicatel over the
unprimedvariablesz givenby:

I = -tA=hACciA=CoA---A—cCy.

(Here— appliedto a vectort meansthe conjunctionof — appliedto eachcoordinatet;.) The
predicateslescribingMilner’s Schedulearesummarizedn figure21.
Within this setupwe couldstartaskinga lot of questionsFor example,

1. Canwe find a predicateR over the unprimedvariablescharacterizingexactly the states
thatcanbereachedrom I? R is calledthe setof reachablestates

2. How mary reachablestatesarethere?

3. Isit thecasethatin all reachablestatesonly onetokenis present?
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undhaneds = Ayesz =2’
assigned. =, undanged; g
P; =y (ci A=ty AN, A—ci Ahi A assigned , ;)
\% (hl A C'Ii mod N+1 A ﬁh; A aSSIgneg modN+1=hi)
E; =t i At A assigneg
T =w \ PVE
1<i<N
_[ —def _‘tAﬁh/\Cl/\_‘CQ/\"'/\_‘CN

Figure21: Milner's Schedulermsdescribedoy the transitionpredicatel’” andthe initial-state
predicatel.

4. Istaskt; alwaysonly startedafter¢;_,?

5. DoesMilner’s Schedulepossess deadlock?l.e., is thereareachablestatein which no
transitionscanbetaken?

To answerthesequestionswve first have to computeR. Intuitively, R mustbe the setof states
thateithersatisfyl (areinitial) or within afinite numberof 7" transitionscanbereachedrom 1.
This suggestniterative algorithmfor computingR asanincreasingchainof approximations
RO, R',... RF ... Stepk of thealgorithmfind statesthatwith lessthank transitionscanbe
reachedrom I. Hencewetake R° = 0 theconstantlyfalsepredicateandcomputeR**! asthe
disjunctionof I andthe setof stateswhich from onetransitionof 7' canbe reachedrom R*.
Figure22illustratesthe computatiorof R.

How do we computethis with ROBDDs? We startwith the ROBDD R =[0]. At ary
point in the computationthe next approximationis computedby the disjunctionof I andT
composevith the previousapproximationk’. We aredonewhenthe currentandthe previous
approximationgoincide:

REACHABLE-STATES(I, T, Z, 7)

1: R+«|[0]

2. repeat

3: R + R

4: R+ IV (3Z.T AN R)[Z/7]
5 untl R =R

6: return R

7.1 Knights tour

Usingthesameencodingof a chesshoardasin section6.1, letting z;; = 1 denotethe presence
of aKnight atposition(i, j) we cansolve otherproblems We canencodemovesof aKnight as
transitions.For eachposition,8 movesarepossibleif they stayontheboard.A Knightat (s, )
canbemovedto ary oneof (i +1, 5+ 2), (i + 2, j + 1) assuminghey arevacantandwithin the
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Full state space

Figure22: Sketchof computatiorof thereachablestates

boardboundaryForall i, j andk, I with1 < k,I < N and(k,l) € {(i£1,7£2),(i£2,5£1)}:
Mij,kl det Lij A Tkl A _ILIZ';-]- A x;cl A /\ Ty = :I/‘;:IjI .
(@3 ¢{(4,5),(k,1)}

Hence thetransitionsaregivenasthe predicatel’ (%, ¥'):

- =
T(ma x ) = def Mz’j,kl
10,5, k<, (k1) €{(i1,j£2),(i2,j21)}

Exercise7.1(Knight’ stour) Write aprogramto solvethefollowing problemusingtheROBDD-
packagelsit possiblefor aKnight, positionedatthelowerleft cornerto visit all positionsonan
N x N board?(Hint: Computeiteratively all the positionsthatcanbereachedy the Knight.)
Try it for variousN.

Exercise7.2 Why doesthe algorithmREACHABLE-STATES alwaysterminate?

Exercise7.3 In this exercisewe shallwork with Milner’s Schedulefor N = 4. It is by farbe
themostcorvenientto solve the exerciseby usinganimplementatiorof anROBDD package.

a) FindthereachablestatesasanROBDD R.
b) Findthenumberof reachablestates.



o FrROUJEC T AN RUDUD FACLKAGE

c) Shaw thatin all reachablestatesat most one token is presenton ary of the
placeholders;, ..., cy by formulatinga suitableproperty P and prove that
R=P.

d) Shaw thatin all reachablestatedMilner’'s Schedulecanalwaysperformatran-
sition, i.e.,it doesnot possesa deadlod.

Exercise7.4 Completethe above exerciseby showving thatthe tasksare always startedin se-
quencel,2,...,N,1,2...

Exercise7.5 Write a programthatgivenan N asinput computeghe reachablestatesof Mil-
ner’s Schedulemwith N cyclers. The programshouldwrite out the numberof reachablestates
(usingSATCOUNT). Runtheprogramfor N = 2,4, 6, 8,10, ... Measuregherunningtimesand
drawv a graphshoving the measurementasa function of N. Whatis the asymptoticrunning
time of your program?

8 Project: An ROBDD Package

This projectimplementsa smallpackageof ROBDD-operationsThefull packageshouldcon-
tainthefollowing operations:

INIT(n)
Initialize the packageUsen variablesnumbered throughn.

PRINT (u)
Printarepresentationf the ROBDD onthe standardutput. Usefulfor debugging.

MK (i, 1, h)
Returnthenumberu of anodewith var(u) = i, low(u) = [, high(u) = h. Thiscouldbe
anexistingnode,or anewly createchode.Thereducednessf the ROBDD shouldnotbe
violated.

BuiLD(¢)
Constructan ROBDD from a Booleanexpression. You could restrict yourselfto the
expressions: or —z or finite conjunctionof these.(Why?)

APPLY (0P, u1, us)
Constructhe ROBDD resultingfrom applyingop on u; andus.

RESTRICT(u, j, b)
Restrictthe ROBDD u accordingto thetruth assignmenip/«z;].

SATCOUNT (u)
Returnthe numberof elementsn the setsatu). (Useatypethatcancontainvery large
numberssuchasfloatingpointnumbers.)

ANY SAT (u)
Returna satisfyingtruth assignmentor w
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Sub-project 1

ImplementthetablesT and H with their operationdistedin section4. On top of theseimple-
menttheoperationdNIT(n), PRINT(u), andMK (i, 1, h).

Sub-project 2

Continuemplementatiorof thepackagdy addingtheoperationdBuiLD(¢) andAPPLY (Op, u1, uz).

Sub-project 3

Finishyour implementatiorof the packageby addingRESTRICT(u, j, b), SATCOUNT(u), and
ANY SAT (u).
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