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{13 vethods for Centre of Gravity

1% The centre of gravily (or centroid) may be foung out by

_ any ong Moo
. By geometrical considerations e the following two methods:

9. Bymoments

3. By graphical method
Asamatter of fact, the graphical method is a tedjous anilic
| i centre of gravity of simple figures, That is why,

chall discuss the procedure for finding out the cen
«nsiderations and by moments one by ones.

; L!mbersome method for finding out
it has academic value only. But in this book, we

tre of gravity of simple figures by geometrical

144,Centre of Gravify by Geomefricd'l' Considéraﬁons}_

The centre of gravity of simple figures may be found out from the geometry of the figure as
giyen below. :

Plane Area Figures

1. The centre of gravity of a rectangle (or a parallelogram) is at the point, where"lits diagonals
meet each other. It is also a middle point of the length as well as the breadth of the rect-
angle as shown in Fig. 14.1.

Flg. 14.3. Trapezium

ree medians (a median is a
de) of the triangle meet as

Fig. 14.1, Rectangle Fig. 14.2. Triangle
2 The centre of gravity of a triangle is at the point, where the th.
line connecting the vertex and middle point of the opposi(e st

shown in Fig, 14.2. o
The centre of gravity of a trapezium with parallel

/ R
3 X = 25{} measured form the side b as shown In Fig. 14.3.

sides ¢ and b is at a distance of

3 b+a

% The centre of gravity of a semici
the vertical radius as shown in Fig. 144 (a).
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rele is at a distance of — from its base measured along

’
&
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= : vo ot a1 disls . 4r "ty
4. The centre of gravity of a quarter-arCIe is at a distance of 37 from itg ba %,
- Se,
+s shown in Fig. 144 (0). ey,

al radius,
ular sector making semi-vertical angle ¢ i
Rt digy,

along the vertic

The centre of gravity of
o

27 sin & oo the centre of the

of ————
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in Fig. 14.4 (c)-

Solid Figures
_ !
f gravity of acube is at adistance of Py from every face (where /

6. Thecentreo
of each side). /
1
linder is at a distance of — '
y > from from its base (where sty

7. The centre of gravity ofac
hieght of cylinder), as shown in Fig. 14.5.

-

h

acirc
nte

sector, measured along the central 5
1§, ag

' shu

%

Fig. 14.6. Right circular solid cone

Fig. 14.5. Cylinder
h ;
f — from ils bss

Th e 1 c: .
m: C"":j“’ l"f gravity of right circular solid cone is at a distance 0
asured alo : . .
14.6 ng the vertical axis (where / is the hieght of cylinder), as shown in Fig
dis Il

9. The centre of gravi i
of gravity of a sphere is at a distance of % from every point (where

diameter of the sphere),

ere

Fig. 14.7 He
/. Hemisphere
Fig.14.8. Segment of a SPf!
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; 0 The centre of gravity of a hemisphere i ¢

ddistance of 3’- fromits b
| the 8

vertical radius, as shown in Fig, 14,7 ase, measured along

. centre of gravity of o s WOy i
1. Theeet gravity egment ofsplwrcotnhcighlh isntndigpmcaof}(2r—h)z

! on e ot e sphere; me sured along (he height 4 Gr-h
F
I
|
|
|

_ as shown in Fig, 14.8.
centre of Gravity by Moments ’

The centre Of gravity of abody may also be foun out by moments
: Y ‘

145

as discussed below:

Y ;
Fig. 14.9. Centre of gravity by moments ~

Consider a body of mass M whose centre of gravity is required to be found out. Divide the
body into small masses, whose centres of gravity are known as shown in Fig. 14.9. Let MLy My My
etc. be the masses of the particles and (X ¥ )s (%55 ¥y)s (X3 ¥3), ... be the co-ordinates of the centres
of gravity from a fixed point O as shown in Fig. 14.9. -

Letx and y be the co-ordinates of the centre of gravity of the body. From the principle of
moments, we know that

M =M X+ 0%y + iy Xy e

oz
or | X = A’;t
imilarly y=§m_y
M

where M=m +nm,+my+ ...

46, Axis of Reference

" The centre of gravity of a body is always calcula
| "0 as axis of reference (or sometimes with reference ; S
“rence, of plane figures, is generally taken as the lowest line of the figure for calculating y an

ftli
ling of e figure for calculating X .

ted with reference to some assumed axis

to some point of reference). The axis of
d the

4, —
’.Centre. of Gravity of Plane Figures

I The Plane geometrical figures (such as T-section, 1-_
> The centre of gravity of such figures is found outinthe s

section, L-section etc.) have only areas but
ame way as that of solid bodies. The

. o
T TR 7
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a0 @ y tahls k3=
d vV = ”l + az '{' (’1 '4' e . I l f- .
" cte., are the areas into which the w 1’0\(: lgure is leide([ .
eyl L . ]
where @, @y (13---&:' i of the arcas dp g (13 ....... on X-X axis with rcschl ['"tzut].
are the respective co-ordinates 0 Sy :[.'%
();‘[ b
reference. o o.ardinates of the areas a '
otc.. are the respective €0 ordinate T Ay Gy on y, y |
Vs “1\ ._‘ """" “ - y
- I v - - . . ™ ¥ ATe) ﬂx
. » reference. I8y
respect o same axis of the referc! \_ SE T e 5 O 5 “‘&
- ¥ H X ;-\: bt M Ly L X a e
Note. While using the above formula, X, X223 1 3OF ¥ and Y Mug| p,

oint of reference) and on the same side of j; Hoy, me&‘"’ﬁi

. axis of reference (or P
from the same axis of referet 4 . c sid
fioure is on both sides of the axis of reference, then the d:smpces in one direction g lakencve“ iy
g directions must be taken as negative. g
i

and those in the opposite

14.8.Centre of Gravity of symmetrical Sections

» ojven section, whose centre of gravity is required to be found out, is s
S ' 15 Sy M.

Sometimes, the ‘
about X-X axis er ¥-Y axis. In such cases, the procedure for calculating the centre of gray;
vi

body is very much simplified: as we have only to calculate either X or . This is dye th

that the centre of eravity of the body will lic on the axis of symmeltry.
Example 14.1. Find the centre of gravity of a 100 mm x 150 mm x 30 mim g,
~Section,

Solution. As the section is symmetrical about Y-¥ axis,

ly of
€ reay,

bisecting the web, therefore its 1,’
centre of gravity will lie on this axis. Split up the section into two A =100 mm—yy 3
rectangles ABCH and DEFG as shown in Fig 14.10. T i
Let bottom of the web FE be the axis of reference. . "G TiD c T
(i) Rectangle ABCH : | 150 mm : ;
il
a, = 100 x 30 = 3000 mm? [
o IA
i
and N = = _3_Q = 41
b (150 > ]—I35mm | - FLLJE
(i) ‘Rectangle DEFG > ' 0
v
ay= 120 x 30 = 3600 mm? Fig.14.10.
and 120
2 = i 60 mm
We know

that distance b
Ctween ;
centre of gravity of the section and bottom of the flange FE

Y ,
= —‘:‘.’..*‘____“gg_z_ =(3000x135)+(3600x60)

3000 + 3600
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50 Now splitup the whole section ing q A
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ection oo

, Mm
axis, Iherefnrci St 15 e

-5 gXIS: Tee rectay ' centre of grayj i
!Wspi.ll- be the axis Bles ABE) EGKJ ung c,«ﬁn;':.i ::::J::
JFE e face AC ¢ axis of referenge, ‘

) Rectangle ABFJ
a; =350 % 15 =750 mpy2
N =— =25 mm
o 2
) Rectamsle EOKT
ay = (100-30) x 15 = 1050 2 AH_SOMHR}_
% TJ | 15 mm
o =—=175mm £ F
“:"" Rgc‘mﬂgff CDHK X--!.u.[.h;nlp. N —
ay =50 % 15 =750 mm? —» -l--ISmnf
_ 50 G H
d =3 =2 mm 4
We know that distance between the centre of gravity of the g 2
wiionand left face of the section AC, Fig.14,11,
? _ ﬂl 'rl + ﬂz.fz +Hj.r3
' G +a -t
- (750 % 25) + (1050 % 7.5) + (750X 25) _ (20 ' Anps.

750 + 1050 + 750

Example 14.3. An I-section has the following dimensions in mm units :
Bottom flange = 300 x 100
Top flange = 150 % 50
. Web =300 x 50
Determine mathematically the position of centre of g7 avity of the Y
Solution, As the section is symmetrical about Y-Y axis, bisecting the web, therefore its centre
ity will lie on this axis. Now split up the section into three _L__—’, 150 mm =
Wigles as shown in Fig. 14.12. omm L =
Let bottom of the bottom flange be the axis of reference. —

@ Bottom, flange . - 2
ay =300 x 100=30 000 mm

section,

ad y =12 _ 50mm
2
D Wep |

2
az=300>(53=15000nm

- J‘z='00+§gﬂ=250m
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iy Top flange
i ay = 150 % 50 = 7500 mm?

50
and vy = 100 - 300 4 = = 425 mm

. oy r ¢ i ’ > ll; > i . i
We know that distance between centre of gravity of the section ang botton, Of th,
{l I‘-

i My
- Y gl y Yy |- th B 2,

.‘P =

ay -+ ay -y

(30 000 x 50) 4 (15 000'x 250) + (7500 x @ -
) 30 000 -+ 15 000 + 7500 = 1607 i

14.9. Centre of Gravity of Unsymmetrical Sections

Sometimes, the given section, whose centre of gravity is required to be foypy ou
metrical either about X-X axis or ¥-¥ axis. In such cases, we have to find out o, the "a'l;:{f;
and y » , §
Example 14.4. Find the centroid of an unequal angle section 100 M X 80 iy 5 Wy,
Solution. As the section is not symmetrical about any.axis', therefore we haye ¢, ﬁﬂdﬁn
values-of X and Y for the angle section, Split up the section into two rectangles pq shov:

Fig. 14.13.
Let left face of the vertical section and bottom face of the hOI‘iZOl’]tal Section bf‘.&!fy
t

reference.

(i) Rectangle |1 —>| ]1—20mm
a, = 100 x 20 = 2000 mm? T
X, =—2—=10mm @
100mm |
and » = %)—0- =50 mm
(i) Rectangle 2 : . i 1 i
, = (80 = 20) x 20 = 1200 mm? ¥y |1 @9 |;9
I
60 — 80 mm—
X ='20+—-=50mm. l
2 Fig.14.13
20
and Y2 = 5= 10 mm

We know that distance between centre of grav ity of the section and left face,

i a X+ (ly Xy _ (2000 X ]O) + (l 200 X 50) Ans.
4+ a, 2000+1200 2™ 7

ance be . .
nce between centre of gravity of the section and bottom face,

Similarly, dist

y=d0 T %y, (2000 X 50) + (1200 x 10) ;
a\ + a R — 35 mm Ans
1+ a 2000 + 1200
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qmple 14.5. Auniform lamina shown in Fig. 14,14 consisis of a rectangle, a circle and a

M _r>| nznsn | rﬁﬂ. r—-f.
..p|25 mmli-Sﬂ mim -PI 50 mm

i

50 mm

]

|
I
'

|4—— 100 mm
|<— 125 mm
Fig. 14.14,

petermin the centre of gravity of the lamina. All dimensions are in mm.

5aiuﬂaﬂ As the section is not b}‘mmelncal about any axis, therefore we have to find out the

ofboth X and ¥ for the lamina.
Let Jeft edge of circular portion and bottom face rectangular portion be the axes of reference.

tangular parff
@ FEO = 100 % 50 = 5000 mm?

100
—=75mm
X = =5+ >

50

= — =25 mm
and "= m
(i) Semicircular portion

n

1[ 2
nl:zxr -2- ) 932““11

4r o5 _AXB 44 mm

X = =23 - in In
50
and y2=-2—=25 mm

(iliy Triangular portion

50%50 _ ~1250 mm>
B=""
%= 25+50+25*10ﬂm'"

l 30 _ 66,7 mm | -
::d yy =50+ 3 ntre of gravity | of the section and left edge of the circd
e know that distance between ce
) ls (1250 x 100)
| (5000 x 75) + (982X 14.4) +

ax+anth3 - 5000 + 982 + 1250
a+mtah

=711 mm  Ans

X =
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gravity ol the section and bottgyy, fice
2T o §)

ween centre of fy \
Similarly, distance between o8 ¢ ""‘--‘r:,n t .
: 25) 4 (982 % 25 %,
portion, Cay A o iﬁ’%ﬁ%f_?my 250, &
* ) ¥ ) : -
Ie
% \]‘.’1‘- ’!lt
=322mm / R . ‘ {
6. A plane lamina of 220 mm radins is showi in figure Bivey bélmp ;‘
Example 14.6. A pia/ic : ; .'
0 |
O . f

£

QD
J/&v

Fig. 14.15.
Find the centre of gravity of l(:mfnaﬁ‘onf the poin{ 0. 1§ *
Solution. As the lamina is symmetrical about ¥y axis, bisecting the laming, therefyy,.
centre of gravity lies on this axis. Let O be the reference point. From the geometry of the iy m;
find that semi-vertical angle of the lamina .

s
=13(0°=— rad
o=30 6
We know that distance between the reference point O and centre of gravity of the laming,

2r sino. 2220 » sin30° 440 0.5

y=— b4 —
y 3 o 3 n 3 I =140 mm Am
' 6

6

1. Find the centre of gravity of a T-section with flange 150 mm x 10 r;nm' » @b;&: |
i leeringt | ' [Ans. 115 mm for bottomoflheﬂ‘fbii

2. ;:(J;nd the c]e(;nre of gravity of an inverted T-section with flange 60 mm x 10 mm aﬂd i#)
i T mm [Ans. 18.6 mm from bottom of the 1

3. A channel section 300 mm x 10 i ity of#
section from the back of the wep, "M hick. Find the centre €3 ssd
j

4. Find the centre of gravity of an 7.

S P T

(13
section with top flange 100 mm X 20 0%

200 mm x 30 mm and bottor flange 300 mm x 40 mm 1

] i . rﬂan::i!i

5. Find the position ot [Ans. 79 mm from bottom Oﬂowa' 'cﬂl"i
. 1O e ;c ; , s ¢

16.¢m x 2cm, - e of gravity of an unequal angle seci®” ik

t

[Ans. 567 |

{
'
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consists of a rectangle having one of i o
% “.ﬁgﬁ:deicﬁbed on the larger side. Show tha!tt sc::::cs twice the other, with an equilateral
o g the recan gle and triangle, re of gravity of the section lies on the

f ' ‘1amina of radius 100 mm 1o

= 0
ﬁ 7
& &

/7
Fig. 14.16.
ind the centre of gravity of lamina from the point 0.

[Ans. 65 mm]

n centre of Gravity of Solid Bodies
' ecentre of gravity of solid bodies (such as hemispheres, cylinders, right circular solid cones
und out in the same. way as that of plane figures. The only difference, between the plane

jis fo i ) ane f1g
;’”5 psolid bodies, 1 that in the case of solid bodies, we calculate volumes instead of areas. The
s of few solid bodies are given below :
1. Volume of cylinder O
7 Volume of hemisphere _2r 3
3. Volume of right circular solid cone = ;-x 2 xh
i r = Radius of the body, and
h = Height of the body. )
lculate the

Note. Sometimes the densities of the two solids are different. In such a case, we ca
stsinstead of volumes and the centre of gravity, of the body is found out as usual.
: E‘ﬁ‘(l"ﬂ 14.7. A solid body formed by joining the base of a right circular cone of height H
equal base of a right circular cylinder of height h. Calculate the distance of the centre of mass

¢s0lid from its plane face, when H = 120 mm and h = 30 mm. :
therefore its centre of gravity

- so,"_"““- As the body is symmetrical about the vertical axis, ‘
0n his axis as shown in Fig. 14.17. Letrbe the radius of the cylinder base incm. Now let base

linder be the axis of reference.
0 Cylinder (i .
v1=1rxr7‘-><30=301rr'-’.mm3 : T
1
?nd Y =-%-q=15mm frialy  120mm
J ]
0 Right circular cone ()" i LS\
‘ (5
v2=_75xr3xh=-;-xr1x120mm3 o | 30mm
3 |7 . T
=40 nr* mm o
Fig.14.17.
d
120 = 60 mm

n=30+—
’ 4



I____“Wﬂ'“‘"'—'

352 m A Texthook of Engineering Mechanics

it * the section and ba;
We know that distance between centre of gravity of the s b“,qc Of the ¢

g by, @Qomx 15+ (ORITXE0) 285 |
s .131 + vy - 301”2 + 401 r 70 Mm

=40.7 mm Ans.

\/Example 14.8. A bady consists of @ right circular ;01 ':f;:::’:;;’{ eﬁi:fh;.4o mang, |
30 mm placed on a solid hemisphere of radins 30 mm of the . - ind the pOSn;dqu :
. Mo b
centre of gravity of the body. , : o i
Solution. As the body is symmetrical about Y- Y'axls, lhEIBfOtl)'e :ths centre of gravj Al 11

this axis as shown in Fig. 14.18. Let bottom of the hemisphere (D) be the point of referey,,

¢ }cr’*rl
(i) Hemisphere k

e e ———

o = 2y P = 2230y o’
3 3
= 18 000 © mm”®
and y, =%=5—’f§9= 18.75 mm

(if) Right circular cone

v2=3;—><r2xh=-§><(30)2x40mm3
Fig.14.18.
= 12 000 7 mm? 914:18
and y2=30+?=40mm

We know that distance between centre of gravity of the body and bottom of hemisphere D,

7 Vi + vy ¥, _ (180007 x18.75) + (12 0007 x 40) T
Vi + Vv, 18 0007 + 12 000~

\")\ =273 mm  Ans.
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of gravity of such a section is foup

I" ][I' .
b e ce™ ) hen deducting the area of sideri ;
e and the cut Ing the main section, first as a

. e : wt hol

L N ' arp: eie. [

one:" qubstituting a, (f.e., the area of the eyt ouk hﬂie‘]hy taking the area of the cut out hole
A3 negative, in the general equation

o qlim:t-rc of gl':l\'itﬁ" we gel
# e aN=-0%

=

Holes

Al - th Y-

nd y= —L'l’l____tig_y_i'_

”' - (fz

along the line joining the centres of the

{11 — ﬂ-z
case of circle the section will be symmetericy|

[n :
e t circle.

I:a the cut
el 14.12. A square hole is punched ¢
A : tof circulay
gxame=" ., circle as shown in Fig, | e il
[t ﬂf g.14.22, Find Hm cenlre afgrﬂ

l i
s mi,;,, of the circle.

e ion, Asthe seclion is symmetrical ab X
ytion- ; al about X-X axis i ’ .
sa_ls et A be the point of reference. Xis, thercfore its centre of gravity will lie

ﬂ:.e digonal of the square
vity of the remainder, if r

a=mr
and y=r
4 ¢ put square Al
(il Cu 1 rsr )

;= =05r

r

x,=r+—=13r =
and 2 2 Fig.14.22.
we know that distance between centre of gravity of the section and A,

a X - a5 _(@rxr) - (05r'x15r)
@ — nr? - 0.5r

x=

_ri@=075) _r(mn-075)
y2(n - 0.5) n—0.5

semicircle/of 90 mm radius is cidt out from.a. trapeziunt as

Ans.

Example 14.13. A shown in Fig

423

200 mm —>|
o S C

el

l——

=hs

A= E
le— 300 mm————™

Fig. 14.23.

of the ﬁgﬁ%‘e.
o its centre of gravity will lie

bout Y-Y axis, therefor 2
our trapezium ABCD and semicircle EFH.

Find the position of the centre of gravity

issu‘lutiﬂl'l. As the section is Bymmetricnl .
axis. Now consider two portions of the figure Viz.,
EL.“ base of the trapezium AB be the axis of reference.
0 Tr apezium ABCD

2004300 _ 30000 mm’

= IZOX——-'——_-"

2
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456 m AT
120 “ if_m_.;.,g_.ﬂ ) = 56 mm
arid nETy T . 00 + 200
(i) Semit irele ) 2
s = ! 4 ﬁr'?:: —l. WA ({J{)_)J:: 4050 = mm
g - K
. i

ar 4290 120 o

".'2 =

and In in L -
We know that distance between centre of gravity of the section and AB,
120
(30 000 x 56) = 40507 x —
p - Y=Yy " —— m
y = w-'-';IID‘:;;;‘" - 30 000 - 4050r H

= 09,1 mm Ans.
wd from d frapezium as g

. Example 14.14. A semicireular area is remes A -
_ Amﬂmm in mm) It
X
i)
ft— 1) ot i) —— D
Fig. 14.24.
Determine the centroid of the remaining area (shown hatchedy, (UPTU 200-3

Solution. As the section in nol symmetrical about any axis, therefore we have o fisdos
values of xand yfor the area. Split up the area into three parts as shown m Fig. 14.23, Letkhin
and base of the trapezium be the axes of reference.

() Rectangle
a, = 80 x 30 = 2400 mm’

X = %—0 = 40 mm

3
and My ‘5{2 =15 mm
(if)  Triangle i
30 x 30 2
Uy = - = 1200 mm*
80x 2
xz = 3 = 53.3 mm
and Ya=30+ 29 =40 mm
e L] 3 3
(ti))  Semicircle
I T
a=Sxrt= 520" = 628.3 mm?
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X7 =40 + —450- = 60 mm

aﬂd

" Know that distance between centre of gr

avi
Vity of the area and Jeft face of trapezium,
=Nt DY -axy (2400 «

——

- 40) + ; .
“ra—a - ) + (1200 % 53.3) - (628.3 % 60)
: 2400 + 1200 - 628.3

=41.1 mm Ans.
gimilarly, distance between centre of gravity of the

area and base of the trapezium,
7= GVt a Y- ay, = (2400 15) + (1200 % 40) - (628.3 % 8.5)
4+ ay ~ ay 2400 + 1200 - 628.3
=20.5mm  Ans,
example 14.15. A circular sector of angle 60° |
Fig, 1426 ‘ BN

ts-cut from the circle of radius r as shown in

Fig. 14.26.
Determine the centre of gravity of the 'r_émaindéz:
Solution: As the section is symmetrical about X-X axis, therefore its centre of gravity will lie
on this axis.

Let C be the reference point.
(i) Main circle

and

(if) Cut out sector

rr®  mrix60°  w’
ay= = =
©360° 360° 6

and

xz = )‘ + f— -
8 .
We know that distance between the centre of gravity of the section and C

: il 2r
(mrxr) = TX("‘F‘{]

-~

X=—=

T 2
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[ 2 6 r_r
6 i i .—_—-r——--'—j,
:-5— r—[g+6n}] 5[ 6 in

-_—

W | o

e Ekémplé 1446 A 5015_ A c_fbh T ofd rt é_h'r’c-z'}'cit {ar-cyﬁnd&r and a Ize}rifsbhe}e iw"ii,
cut out franrrhé cylinder as shown in Fig. 14.27. oo

D &
»{60 mmj€¢—150 mm—>|

Fig. 14.27
" Find the centre of gravity of the body. ' . _
‘Solution. As the solid is sym:ﬁetfical about horizontal axis, therefore its centre of},mvi{ym
on this axis.
Let the left edge of the hemispherical portion (E) be the axis of reference.
(i) Hemisphere ADE

vi=%><r3=?x(60)3=144000nmm3

_Sr_5x60

and X 3 3 =37.5 mm

(if) Right circular cylinder ABCD
V, =X 17 X h=mx (60)2 x 150 = 540 000 Tt mm3

and x2=60+%=l35mm

(ifi) Cone BCF
n
W= xrxh= g X (60)*x 150 = 180 000 7 mm’

and X3= 60+ 150 x—i:— =172.5 mm

We know that distance between centre of i : ¢ of the et
sphere (E), gravity of the solid and left c.dg

=25t ho -y

vl+ V2-—1’3

= {44000 mx 37.5) + (540 000 7 x 135) — (180 000 7 x 172:)
144000 7 + 540 000 7 — 180 000 72

=93.75mm  Ans,
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