:.-’:  Reconstruction Filter (Low Pass Filter)

i?in:;tfrl;!l.uit.iomlx, recover original signal from its samples. This 18
[ :. :_pnu ﬂgrur in that Lype of (lter whick passos only low-frequencies upto
o specified qub-n frequency and rejocts all other frequenices nbove cut-off fre-
sy, Figure 6.11 shows the frequency re.

| o of n low-pngs filter,
il wﬁwm 6.11 it may be observed that
i ﬁ.n ol low-pass filter, there is sharp.
change in response at cut-off frequency, that
, r*: w@da responiae becomes suddenly zero
ateut off frequency which is not possible prac.
liy. This means that an idea) low-pass fil- = o ¢ I

tor i8 not physically realizable. In place of ;

jw o :éln'ﬂ' pass filter, we use practical filter, Ple: 0 SRR IR
- Figure 6.12 shows the fraquency re- Amplitude
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fgure 6.12, it may be observed that in case 1
3 nmchmi filter, the amplitude response
~ decreases slowly to become zero. This
- means that there is a trangition band in .

cnse of practical filter. Figure 6.13 shows < 0 (& et
~ the use of practical low-passfilter in recon- 5 '

- struction of original signal from its sam- £ 6.12. Practical low-pass filter.
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Interpolation is the commonly used procedure for reconstructing a given
continuous-time signal from its sample values, Interpolation gives either ap.
proximate or exact reconstruction or recovery of the continuons-time wignal.

One very simple interpolation procedure is known as zero-order hold. An.
other useful interpolation procedure is called linear interpolation. In linear
mlfmplﬁ or nt.l: m"!Fudu Linear ;;:l dated
ple points are connected
by straight lines as shown
in figure 6.14.

We may also use \ y
higher order intepolation SOt et
formulae for reconstruct- axy

ing the continuous-time . , _
signal from its sample val- Fig. 6.14. lllustration of linear interpolation

ues, In fact, in more com- hetiween sample points.
plicated interpolation formulae, the sample points may be connected by higher
order polynomials or other mathematical functions.

However, for a band-limited continuous-time signal, if the sampling instants
are sufficiently close then the signul may be reconstructed exactly by using a
low pass filter. In this case, an exact interpolation can be carried out between

various sample points,
Mathematical Analysis

As discussed earlier, a signal x(t) band-limited to f,.1z can be reconstructed
(interpolated) completely from its samples. This is achieved by passing the sam-
pled signal through an ideal low-pass filter of cut-off frequency f, Hz.

The expression for sampled signal is written as

Original signal x(0)

&(t) = x(2) -85 (1) ...(6.16)
1
or glt) = *T:[x(ﬂ + 2 x(t) cos wt + 2 x(t) cos 2a,t + ......] 6.17)

From above equation, it may be observed that the sampled signal contains a

component -+ x alt).
7
To recover x(t) or X(jo), the sampled signal must be passed through an ideal
low-pass filter of bandwidth of f, Hz and gain 7.,
Therefore, the reconstruction or interpolating filter transfer function may
be expressed as

. w
H(jw) = T, x rect [-Mfm ] +-(6.18)

‘The impulse response h(f) of this filter is the inverse Fourier transform of

Hijo).
h@) = F{H(w)]

i

ht) =2f, T, sin c(@x {0 (6.19)




r;..‘ %"m thal sampling i doue at Nvguist rate, then
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- From figure, it may be observed that A(t) = 0 at all Nyquist sampling in-
" t=% n/2f, exceptati=0,

~ Now, when the sampled signal g() is npplied at the input of this filter, the

output will be (t).
h sample in g(2), being an impulse, produces a gine pulse of height squal

7 {ifm ntrenxth of the sample,
3 _gﬂ;]ihqn of the gin ¢ pulses produced by all the samplées results in x(t),
~ For ]‘]‘nt.ant, thg k"-" aampla of the i input £ () is the impulge x (R 7)) & (£ — kT,

il oneput b 0, whicl is (), may be expreseed a5 a sum
i 0 =.Ex{km hit=-kT) ..(6:21)
-

- ;x(i&ﬁ] gin ¢ [21 fi (£ = AT . (B.22)

2 %x(ﬁ-ﬂj sin ¢ (2x fy, - Fon) T, = —}* (623)



formula, which provides valueg

the sample values,
hat the signal x(f) 18 atricdy

Equation (6.29) is known as the interpolation
of x(t) batween samples as a weighted sum of all

In the proof of sampling theorem, it 1s sasumed t ‘
band-limited, Bul, in general, un information signal may conlain a wide range uf
frequencies und cannot be strietly band-limited, This means that the maximum
frequency f,. it the signal x({) cannot be predictahle. Therefore, it 18 not poseible
to select suitable sampling frequency /.

Interpolation using the inpulse response /(¢) of an ideal low pass BHeE Eiven
by ofquation (6.23) is called band-limited interpolation. 1L implements exacc
rrconstruction if sigual z(0) is band-limited and it satisfies the condition of sampling
theorem. According to sampling theorem for perfect reconstruction of a band.
limited signal, sampling frequency should be greater than twice the highest
frequency component of the signul

However, in many cases we always prefer simp
such as zerc-order hold. The zero-order hold can b yiewed as a form of
interpolation between sumple values in which the interpolating function A(r) is
the impulse respanse fi () as shown in figure 7.1 8. In this figure xy(#) corresponds
to the approximation of continuous-time signal x(f) and fig{f) rENTESECLE an
approximation of the ideal low pase filter required for exuct interpolation. Figure
8.18. illustrates the magnitude of trausfer function or system function of the
zaro-order hold interpolation filter, superimposed on the desired transfer function

of each interpclation flter.

ler interpolating functions

s H (jw)
7 =
[ | —— Ideal interpolation
\ filter
Zurv-order hold
-, - 2 0 w2 i, ¥
Fige. 6.16. Transfer function for the zero-order kold and for the
idden! interpolation filter.

We observe from figure 6.16 and figure 6.5 that zero-order hold 1s a very
rough approximation. For some cases, it is sufficient. If additional low pass
filtering is applied in a given application, il will tend to improve the overall
interpolation.

If the erude interpolation provided by the zerc-order hold i1s not sufficient,
we can use a variety of emoother interpolation methods and these are collectively
known as higher order helds. A sero-order held produces an output signal
which is discontinuous. In ecntrast, a linear interpolation produces reconstruction
which is continuous and its derivatives are discontinuous due to the change in

slope at the sample points,
Linear interpolation is also referred to as a first-order hold linear

interpolation. It is given by equation x ({) = Ex(ni’; ) h(t—nl)) with triangular

N=—m

impulse response shown 1n figure G.17.
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Function of a Filter with Triangular hm-

§.8.1. Evaluation of Transfer
:..'1: Mmﬁ

(A - ho)) = Mf ]—"-%'LEE] (E—4y)
L Z™ 4

__ q-ﬂ".l_ =
o or -1 = _1}~0]G'0’_’E
ot e L
| #r 6 =1 T
The equntion of line P can he daterrined as
| {h“}"’h{ﬂ] ~ 'ﬁ%ﬁ—:?ﬁ‘l{;_ t)
o | LSS
or A=) == 6]“ 0)
Uit
/ l“‘f' forD<t<T;
}lﬂ) = I'I*—T— =
4 1+-,;—,-. for-T,sts0

% lency respunse of trisngular impulse response given in above expros-
n be determined by taking CTET of A as

 HGo) = CTFT [a() = [ hoe ™y

- ; ) - L) e
-"'-'1:-.:;1;";-. T _L - jus Ey 08 e Y .}.[M]
r Ho) = }.[l-i-.?;]c nf_hj[l T.]r fit;=s | wi2
[ .'.n.c"- ﬂ'

his ression is the transfer function or frequency responee of the low
1 triangular impulse response. The tansfer function of the first
| has been shown imposed on the transfer function of the ideal mterpe.









