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INTEGRATION OF FUNCTIONS

Definite Integration and Its Economic Application
AR

1.0 LEARNING OUTCOMES OF THE CHAPTER
After completion of the present chapter, you should be able to;

% Evaluate definite integrals and relationship between differentiation and integration
% Find the area between two curves by using definite integration.

s Understanding economic application of definite integration

THE DEFINITE INTEGRAL

Introduction

Let F(x ) be a continuous function over the interval [a, b] and it has a derivative f(x)
ie. F'(x)= f(x)Vx€(a,b). Then the difference, F(b)-F(a), is called the definite integral of
function f ( X ) over the interval [a, b]. In the first section of the present chapter, this difference,
F(b)-F(a), does not depend on indefinite integrals. On the other hand, definite integral of f(x)

depends only on the function f('x) and its interval [a, b]. Definite integral can be written as;
Ji 1 eode=Fx)

where, F'(x)= f(x)Vx€(a,b) and the number ‘b’ and ‘a’ are the upper and lower
limits respectively.

b= F(x)| = F(b)- F(a)

Steps of Evaluating Definite Integral

Let I:J:f(x)dx
e first, find the indefinite integral, J f(x)dx=F(x)+c

e Substitute, x = b upper limit in this integral, i.e. F(b) +C
e Substitute, x = a lower limit in this integral i.e. F(a)+C
e Subtract, second {F(b)+c} from third {F(a)+C}

b
a

'=F(b)~F(a)

| f(x)dx=F(x)

F(x)
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Example 1: Find,jbx dx

Solution: Let [ = I bx dx

I
1
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+
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B B Z)Z _ 2
{2 2} —

= Some Basic Properties of Definite Integral

o [[F(x)dx=—["f(x)dx

. jb F(x)dx = L F(x)dx + j F(x)dx + j" f@)dx {c,,¢, ela,b]}
. L”f(x)dxzo {F(a)-F(a)=0}

o [rex=] rody= fzz

o | f(x)dx=] f(x—a)dx

o [ f(x)dx=2[ f(x)dx

a(t)

% ., f(X)dx=f'(t)=f{b(t)}b'(t)~ f{a(t)}.a'(t)

e Every continuous function is integrable, if this function has an anti-derivative i.e.

F'(x)=f(x), Vxe(ab)

1
Example 2: Find J: (2x+—)dx
X

Solution: Let / =L2(2x+i)dx
X

2

;x2
= +log x
;2 1
2 2
=‘x +log x‘l
— [4 + log2]-[1+0]
=3 +1log2
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Example 3: Find the area of the parabola x =4 by between X —axis and its
ordinate at x =3

3
Solution: The required area = _[0 vdx xe=aby

2 2
= J.jx_dx °e y :x—
" 4b 4b

1T i
i %{?l

—L[zl_ojl —i Figure 5
4b| 3 4b
Example 4: find L4 ‘x — Z‘dx
Solution: Let
x—2 If x=22
-2 =
—(x-2) Ifx<2

4 2 4 .
Then .[1 |x-2|dx = L —(x—2)dx+ J-z (x—2)dx {By property of Integration)
2 4
= {_—xz+2x} +[x—2—2x}
2 1 2 2
SERRER TR
2 2 2 2
=2—£+0+2:£
2 2

Example 5: Find the area between the regions of parabola y = x° and straight line y = ‘x‘ over

the interval [-1,1Jor {(x,y )%’ <y < x|}

Solution: Given y = x’and y = |x| ie. y=X or y=—X
The required Area
= Area OAB + Area OCD Y ye
=2 *Area OAB =2 =X
(Because, curve is symmetrical about the y axis)
_ S I
=2 _IO xdx jox dx} 5 8
2| 3|1 EC Ai
=2 Ll Xt -1 o 1 X
2], 13],
1 1
= 2l|=—-0|-|=-0||= 2/3
2 3
square units i
Figure 6
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Example 6: Evaluate L T e ~'dt,where T>0 and K and Q are positive constants.

Solution: Let W(T)= E(?)e‘gtdt

= gﬂ e %dt
K {— e? }T
T O |,
K

70
_ Ky o
W(T) TQ[] e ]

[(—e ) —(=¢) ]

Example 7:  Find the area included between the two parabolai.e. y° =4x and x° =4y

Solution: Given, y’ =4x & x’ =4y

Solving both, we get;

)

Or,x(x’—64)=0

A

x?=dy

y2=4x

So, x=0&4 %
The required area = Area OBCD

ZJ.;(\/E—%Z}ZX
{'.'y2:4x&y:x2/4}

5 2 _x_34
3/2 12

0

= 5.3 square unit.

Yl
Figure 7
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Example 8: Find —j e du
dx™

Solution: By the direct property of integration, we get;

d v
L
= fAb(x)'(x) - fla(x)}a'(x)
Then, i rz e du
dx ™
=e ) _2x—e.1
—e {2xe"‘2 —I}

ECONOMIC APPLICATION OF DEFINITE INTEGRATION

Introduction

Integration has an important role in economics. The present section shows the role of

integration in economics by illustrating some important examples.

Important Results of Integration in Economics

= If f(7) is the function of individuals income over the interval [a, b], then the no. of

individuals with incomes in [a, b]
= njj f(r)dr
» Total income of individuals = an rf(r)dr {r = earning }

= The mean income of the individuals is given by

['r fr)dr

n [ f(rodr
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Example 9: If the income distribution of population over interval [a, b] is given by,

f(r)=Ar~"" {A is a positive constant}, then determine mean income in the given

group.

b
Solution: Let Ibf(r)dr = Ib Ar~dr =4 [—%rm} = %A (‘ay2 —bm)

And Jj rf(r)dr = Jj Arr="dr

~ A J’”r—s/zdr _ 2A[a—1/2 _b—z/z]
So, the mean income of the group is given by

ZA(a—I/Z _b—I/Z) B (a—1/2 _b—I/Z)

m= 2/3A(a—3/2 _b—3/2) (a—3/2 _b—3/2)

Now, suppose b is very large then b™"’? and b™? close to zero, then m~3a

Then, the mean income of the group is 3a.

Economic Application of Integration
There are several other economic applications of integration. Some results are
given below;
=  Consumer surplus (CS) and producer surplus (PS): These can be also calculated by

using definite integral. Consumer surplus is given by;
CS=[ f(x)dx—pxx

Here, f(Xx)= demand of x commodity, P= Price of X commodity

And, producer surplus is given by,

PS=xxp —j F(x)dx

= The present discounted value is given by;

PDV = [ f(t)e™"dt
®=  The future discounted value is given by;

FDV= [ f(t)e" " dt
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®= The discounted value at time is given by;

DV= [ f(t)e”"dt

Example 10: If marginal revenue (MR) = 16—¢°, find the maximum total revenue, also

find the total, average revenue demand.

Solution: When TR is maximum, then MR= 0

16— =0=>qg=14

4
4 4 : 128
.. TR :IO MR dq:J‘0 (16—g*)dq :[16q—%} :T

0

3

Total Revenue (TR) = j(]6—x2)dx= ]6x—x?+c when x =0thenc =0

2
Average Revenue (AR) = E =16— q?
q
Then, Demand (AR) =P = 16—¢° /3

Example 11: If marginal propensity to consume (MPC) function is given as follows;

% =(0.5—-0.001y, then find total consumption function. Given at income zero, ¢ is 0.02.
'y
Solution: . C = j@.dy =[(0.5-0.001y=0.5y Ly

dy 2

At .. y=0,then, C=0.2, Hence, A =0.2

-.C=0.5y-0.0005y" +0.2

03t where t is number

Example 12: The sales of a product is depicted by a function S(t) = 100e
of years since the launching of the product, find

a) The total sales in the first three years

b) The sales in forth year &

c) The total sales in the future

Solution:  a)  S(3)=]"100""dt =155.40
b S(4)-5(3),
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S, = 100¢"'dt=17.6
3

) S(o0)=["100¢""dt =200

Example 13: If the demand function is; P =30—2x—x"and the demand is 3, what will be the

consumer surplus (CS)?

YA
Solution: Given, P =30—2x—x’ Py} 30
For x =3, then p =20
- CS= [((30-2x—x")dx—P
s —JO( —2x—x")dx—Pxx csS
X
=|30x—————| —3x20 Po
2 3 0 \
. P=30-2x-x2
= 90-9-9-60=12 units
O Xo=3 =X

Figure 8

Example 14: The demand and supply laws are P, = (6 — x)* and Ps=14+x respectively. Find the

consumer surplus (CS), If;
(1) The demand and price are determined under perfect competition and;
(i1) The demand and price are determined under monopoly and the supply function is identified

with marginal cost function.

Solution: (1) CS under perfect competition: at the equi8librium
(6—x)=14d+x=>x=2
Then, P=14+x=16

L CS=[(36—12x+x" )dx—16x2=56/3
(i1) CS under monopoly;
TR=Pax =(36 —12x+x’ )x=36x—12x" + x’

S MR=36—-24x+3x’
And supply price: Ps= 14+ X, supply function P.=MC
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To maximization of profit we know that,
MR=MC
36—24x+3x" =14+x
ie. x=10r,7.33

At X =1, then, P4=25
| , 16 .
*.* Hence, CS = jo (36 —12x-+")dy = 25x) == unit

Similarly, we obtain CS at x =7.33

Example 15: Obtain the producer surplus, when the demand and supply function is given;

D=20-4xand S =4+4x

Solution: At equilibrium condition,
Demand(D) = Supply (S) g
20—4x=4+4x
or,8x=16
then;x=2
and,P=4+8=12 E
And, P=4+8=12
Then, producer surplus (PS)

:Pxx—j02(4+4x)dx=24—[4x+2x2]§ 0
=24 -16 = 8units
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PROBLEM SET

1. Find the definite integral for the following:

1 2 33
W[ ear Gy [ -car i | %dy

d X u 2 u
2. Find, (i) —j £dt (vi) ij e’ dv (iii) ij' 1 dx
dx” du > dud- 3 11
3. Find the area of line ¥ =4X between X — axisand the ordinate x = 4

. . . 3
4. Find the area intercepted between the line 3x + 2y =—/2 and the parable y = Zx

5. Find the area between the parabolas; y*> = 4ax and x* =4ay,a >0
6. Prove that
[ reodx=2]" ryax1f f(2a-x)=f(x)
=0 If f(2a—x)=—f(x)

7. Evaluate
. 1 . B 1 3000
@) jo(z+\/2+\ﬁ)dt (i) Izm S ()t
3000000

Given F(t)=4000—t—

8.  Provethat F(t') :% [ £ty
—_— a a

If f(t) is continuous function over the interval [a,b] and ¢ e(a,b)

\Hint : Put F(t) = f(x)dx|

9. If the inverse demand function of commodity Q is given; P = 3q"""? and presently 100
units are being sold, then find the consumer surplus.

10.  Let interest rate will vary and represent by r(t). What is the present value of a flow
of income P(t) from t=a to t=b using this variable interest rate?
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ANSWERS OF PROBLEM SET

2_
.
e

A
3 10

2.(G) X7 (i) 2¢7

1
(i) —
2du’ + 1

3. 32 sq. units

4. 27 sq. units
16 .

5. ——a’ sq. units

1
7. (1) ]; (i) I =352
9. 30 units

t

—J‘r(s)ds

b
10.  dns['e®  P()dt

Additional Readings

» Allen, R.G.D, Mathematical Analysis for Economists, London: Macmillan and Co. Ltd

+ Chiang, Alpha C., Fundamental Methods of Mathematical Economics, New York:
McGraw Hill

|

Carl P. Simon and Lawrence Blume, Mathematics for Economists, London: W .W.
Norton & Co.

+ Knut Sydsaeter and Peter J. Hammond, Mathematics for Economic Analysis, Prentice
Hall

£ Michael Hoy, John Livernois, Chris Mckenna, Ray Rees, Thantsis Stengos, Mathematics
for Economists, Addison-Wesley Publishers Ltd.
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